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1. Introduction 

A decision tree is a decision supporting tool using a tree model to predict their possible 

consequences according to their different type of observation. Tree-based method are 

relatively useful for interpretation and good for classifying, which is a multi-layer if-

else judgement on the objects to obtain the category of the final class label. Though it 

is an if-else algorithm, it could also handle both continuous value and discrete value. It 

is also a kind of supervised machine learning methods required statistical learning, 

theory communication and data science knowledge. Its outcomes represent the relation 

between predictor and observation just as linear model or logistic model. Decision tree 

can be widely used in different areas in daily life such as predicting patients’ future 

physical condition, choosing stock or deciding marketing strategy.  

This article will first introduce theory of communication and some basic algorithm of 

decision tree including ID3, C4.5 and CART. Moreover, it will also give a brief 

introduction about cross-validation methods to choose the relatively best model 

parameter and basic algorithm of pruning tree. Then it will illustrate how to build the 

whole process of decision tree algorithm through Python with cross-entropy methods. 

The final aims of decision tree are to make the classification become purer and purer. 

A dataset of sales of child seats will be applied on to check its effectiveness. (Though 

Python package sklearn.Decisiontreeclassifier could be directly used in given dataset 

to get the outcome of decision tree, in this article, constructing and analyzing data will 

not utilize it.) In order to make a and evaluate the model, we will choose to utilize tree 

library in R language and demonstrate the final outcome. 

 

 

Figure 1.1 



Figure 1.1 shows a simple decision tree for predicting the log salary of a baseball player, 

based on two observation: how many years he has been play and how many hits in total 

that he made in the previous year. There are two internal nodes in the figure: 𝑌𝑒𝑎𝑟 <

4.5 𝑎𝑛𝑑 𝐻𝑖𝑡𝑠 < 117.5. Once the conditions are satisfied, it will emanate to the left-

hand branch and the right-hand branch represent the contrary conditions. This tree has 

three terminal nodes, which are 5.11, 6.00 and 6.74. Here it represents the mean of 

predictor for the observations. 

2. Theory of communication 

In building a tree, how to determine the feature of splitting condition is the most 

essential parts. In different building algorithm like ID3, C4.5 and CART, methods 

differs to each other, but their essence are similar. Among them, the theory of 

communication is the basic one, and rest of methods are similar or derived from it. 

2.1 Information entropy 

Information entropy is to determine the uncertainty of a given random variable. 

Information entropy is determined by following formula. 

𝐼(𝑥) = −𝑙𝑜𝑔𝑎 𝑝(𝑥)   (1), 

where 𝑝(𝑥) represent the of the occurrence probability of the random variable 𝑥. 

Based a could be chosen in integer greater than 2 with respect to the numbers of sample 

in the sample space. And usually, we set it as 2, 5 or 10. 

For instance, there are two samples in the sample place. We set the probability of one 

random variable as p and ‘a’ equal to 2. Then 𝐼(𝑥) = −𝑙𝑜𝑔2 𝑝(𝑥) and 0 ≤ 𝑝 ≤ 1. 

The picture of information curve of this random variable with dependent variable p is 

shown below. 



 

Figure 2.1.1 

The information entropy of random variable is decreasing with the increase of the 

probability of its. The bigger the value of probability of random variable is, the less 

value of its information would be, which imply the uncertainty of such random variable 

will be less. 

2.2 Shannon Entropy 

From the perspective of probability theory, Shannon entropy is the expectation of 

information entropy on all random variables in the sample space. The formula of 

Shannon entropy of a sample space 𝑋 is as follow: 

𝐻(𝑋) = ∑ 𝑝𝑖

𝑖

𝐼(𝑥𝑖) = − ∑ 𝑝(𝑥𝑖)

𝑖

𝑙𝑜𝑔𝑎 𝑝(𝑥𝑖)            (2) 

From the formula we could see the value of Shannon Entropy is only dependent with 

the distribution of sample space and have no relation to the sample value in sample 

space. Shannon Entropy is to determine the uncertainty of a given sample space. The 

bigger the entropy is, the more uncertain the sample space is. The less the entropy is, 

the less uncertain the sample space is. It is obvious that 𝐻(𝑋) will always be larger 

or equal to zero no matter what the value of a we choose. 

Again, we let the sample space 𝑋 contains to sample, where 𝑋 =  {𝑥1, 𝑥2} and 

𝑝(𝑥1) = 𝑝, 𝑝(𝑥2) = 1 − 𝑝. Base 𝑎 equals to 2. The curve of Shannon entropy is as 

follow: 



 

Figure 2.2.1 

Such is a simple sample space with only two number. One can show that the entropy 

will have a value near zero if all 𝑝𝑖 are near to zero or one no matter how many samples 

in the sample space. Shannon entropy is used in machine learning classification. The 

more the entropy is, the greater uncertainty the category has, and vice versa. 

2.3 Conditional entropy 

Conditional entropy 𝐻(𝑋|𝐴) denotes the uncertainty of random variable 𝑋 under the 

condition of known variable 𝐴. 𝐻(𝑋|𝐴) is the mathematical expectation of entropy 

of probability distribution for x under given A conditions.  

To be forwards, we let X represent the final classification of training dataset and A 

represents a certain feature in the sample space of the dataset. We suppose feature A 

has n possible value. Then the conditional entropy could be denoted as 

𝐻(𝑋|𝐴) =  ∑ 𝑃𝑖𝐻(𝐴𝑖)

𝑛

𝑖=1

             (3) 

Where  

𝑃𝑖 =  
𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 𝑋 𝑤𝑖𝑡ℎ 𝑓𝑒𝑎𝑡𝑢𝑟𝑒 𝑖

𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 𝑋
. 

And 𝐴𝑖 is the set of sample space in X whose feature 𝐴 is exactly 𝑖. 

To be more specific,  

𝑋 =  ⋃ 𝐴𝑖                       (4)

𝑛

𝑖=1

 

And all sets of 𝐴𝑖 are disjoint. It is also obvious that 𝐻(𝑋|𝐴) will always be larger 

or equal to zero no matter what the value of a we choose. 



3. Tree building 

In this section, this article would introduce the different criterions in building tree. 

3.1 ID3 algorithm 

ID3 uses information gain as the method of choosing the optimal splitting attribute and 

entropy as the criterion of measuring the purity of nodes. Similar as what have been 

mentions, let A be a certain feature. The information gain of dataset X with respect to 

the feature A is as follows: 

𝑔𝑎𝑖𝑛(𝑋, 𝐴) = 𝐻(𝑋) − 𝐻(𝑋|𝐴)         (5) 

 

This formula calculates the difference between Shannon entropy of dataset X 

conditional entropy given A features. One can show that after we choose any of feature 

A to calculate the information gain with respect to A, the purity of nodes shall increase, 

i.e. the information gain shall always equal or larger than zero if the split could take 

place (The proof is omitted in this article).  

The bigger the information gain is, the smaller the entropy is after splitting, which 

represent the sub-node is purer and the classification is better. Therefore, the largest 

attribute of A is chosen as the splitting attribute. 

 

Although ID3 puts forward some new ideas, it still has a lot to improved. 

 

Firstly, and most importantly, the ID3 algorithm does not take continuous features into 

account, such as lengths and ages which are continuous value and cannot be used in 

ID3. This is mainly because after splitting, the number of branches per node is not 

certain and it might be binary or multi. For example, if A represents weather feature 

and its sample space is {‘sunny’, ‘sunny’, ‘sunny’, ‘rainy’, ‘rainy’, ‘rainy’, ‘cloudy’, 

‘cloudy’}, then the split with respect to A shall be {‘sunny’, ‘sunny’, ‘sunny’}, {‘rainy’, 

‘rainy’, ‘rainy’} and {‘cloudy’, ‘cloudy’}, which generates three branches. If two 

‘cloudy’ are removed from the A sample space, then it will generate two branches 

instead. However, it cannot deal with continuous value like {25,26,27,28,29}.  

 



Secondly, under the same conditions, the information gain of feature with more values 

is larger than that with less value. For example, feature B has two values and each value 

account for 
1

2
 of the total number. Feature C has three values and each value account 

for 
1

3
 of the total number. In fact, there are completely uncertain variables, but the 

information gain of taking feature C is greater than that of taking feature B as splitting 

attribute. 

Such weak points greatly limit the usefulness of ID3. However, one show notice that 

information gain could be also used in building classification tree. 

3.2 C4.5 algorithm 

As mentioned in the previous article, ID3 method has two shorting comings. On the 

basis of ID3, C4.5 improves the above aspects respectively. 

 

For the problem that information gain as a criterion tends to favor features with more 

value, we introduce an information gain variable. It is the ratio of information gain to 

the characteristic entropy. The formula is as follows:  

𝐼𝑅(𝑋, 𝐴) =  
𝑔𝑎𝑖𝑛(𝑋, 𝐴)

𝐻𝐴(𝑋) 
                    (6) 

Similar to what mentioned, X represents the final classification of dataset and A 

represents a certain feature in the sample space of the dataset. And for the characteristic 

entropy 𝐻𝐴(𝑋), the expression is as follows: 

𝐻𝐴(𝑋) =  − ∑
|𝑋𝑖|

|𝑋|

𝑛

𝑖
log2

|𝑋𝑖|

|𝑋|
     (7) 

Among them, n is the number of categories of feature A, and |𝑋𝑖| is the number of 

samples corresponding to the value of feature A. |𝑋| is the total number of samples. If 

comparing this expression to the formula of entropy, we will find this is actually the 

entropy of splitting nodes with respect to the feature A, instead of the classification 

results. The larger the information gain ratio is, the better the splitting effect would be. 

 

C4.5 deals with discrete attributes in the same ways as ID3 and its branch could be two 

or multi. But C4.5 adds processing of continuous attributes. The methods are to sort the 



data according to the continuous attributes first and then cut the data into two parts in a 

one-size-fits-all way. 

It shall be very simple to calculate the information gain of each cutting point directly, 

and then select the cutting point with the best splitting effect. 

3.3 CART algorithm 

CART is short for classification and regression tree. The difference between 

classification and regression tree is that regression tree is used to predict a quantitative 

response and classification tree is used to predict qualitative response. In regression 

tree, the predicted response of an observation is denoted by the mean response of the 

training observation that belong to the same terminal node. On the contrary, in a 

classification tree, we use the most commonly occurring class of training observation 

to determine which it belongs. In the following case, we will construct a classification 

tree with respect to a given dataset. 

 

A clear distinction between CART and ID3 as well as C4.5 is that both ID3 and C4.5 

is usually producing multiway tree based on its algorithm, but CART can only generate 

binary tree and each split could only produce two nodes. The method in CART is called 

recursive binary splitting method. In many cases, the binary tree model in computer 

will be more efficient than the multiway tree operation.  

 

In the CART classification tree, Gini index is used to replace the information gain ratio, 

which represent the impurity of the model. The smaller the Gini index is, the lower the 

impurity will be, and the better the feature will be. This minimizing principle is opposite 

to information gain. 

The logic to calculate Gini impurity is not complexed, that is, to calculate the 

probability that randomly placed data items appear in the wrong classification. Then to 

judge the importance of attributes to classification. The Gini index of set X is Gini(X): 

𝐺𝑖𝑛𝑖(𝑋) = ∑ 𝑝𝑘

𝐾

𝑘=1

(1 − 𝑝𝑘) = 1 − ∑ 𝑝𝑘
2

𝐾

𝑘=1

        (8) 

In the formula, 𝑝𝑘 represents the proportion of samples belonging to category k in the 

sample data set and K is the total number of categories. For example, if all data in X 

belongs to one category, then 𝐺𝑖𝑛𝑖(𝑋) = 0. If there are two class in X and both has 



same number of samples, then 𝐺𝑖𝑛𝑖(𝑋) = 1 − ∑ 𝑝𝑘
22

𝑘=1 =
1

2
, which represent the most 

impure two categories situation. 

 

The Gini index of set X under the condition of characteristic A is: 

𝐺𝑖𝑛𝑖(𝑋|𝐴) = ∑
|𝑋𝑖|

|𝑋|
𝐺𝑖𝑛𝑖(𝑋𝑖)          (9) 

|𝑋𝑖| is the number of samples corresponding to the value of feature A. |𝑋| is the total 

number of samples. In building the classification tree, we need to select the attribute 

that minimizes the GINI index in (9). 

 

Besides, an alternative to the Gini index is entropy, given by equation (2) in previous 

page. Because entropy will take on a value near zero if 𝑝𝑘 all near zero or near one. 

Therefore, like Gini index, the entropy will have a small value if the set X is pure. In 

fact, it turns out that Gini index and entropy are similar numerically. The algorithm 

construct in this article will use entropy as the criteria and it will generate a 

classification tree. 

 

In a regression tree, the criterion is to find the feature that could minimize the residual 

sum of square. The formula is as follows: 

𝑅𝑆𝑆 =  ∑ ∑(𝑦𝑖 − �̂�𝑅𝑗
)2

𝑖∈𝑅𝑗

𝐽

𝑗=1

, (10) 

where �̂�𝑅𝑗
 is the mean response for the training observations within the j sector. 

Because in the following model we will not create a regression tree, here I just give a 

brief introduction. 

4. Stopping criterions 

Decision tree cannot grow without restriction. The most extreme case is when a node 

splits to only data point and end splitting process automatically. But in this case, the 

tree is too complex and is most possibly overfit. Generally, in order to reduce the 

complexity of decision tree and improve the predicting accuracy, the process of 

building tree will continuous until a stopping criterion is reached, and it will be 

terminated in advance. 



The following are some general conditions: 

 

(1) When the amount of data of a node is less than a specified number, tree stops 

splitting. It is because that when the amount of data is small, extra splitting is easy 

to strengthen the role of noise data. Besides, it is helpful to reduce the influence of 

over-fitting to some extent. 

 

(2) When the entropy or Gini index is no longer larger than zero, the splitting should 

stop. From the above passage, the magnitude of entropy and Gini index indicates 

the complexity of data. Indicator equal to zero means the nodes is highly pure. 

 

One possible alternative way is to build the tree only as long as the indictors exceeds 

some threshold bigger than zero but not zero. It seems valid. However, it will 

possibly reject a worthless split but followed by a very good split, which results in 

an improper smaller tree. Therefore, the threshold could only be set as zero. 

 

(3) When the depth of decision tree reaches the specified condition, the splitting should 

stop. Every child node generated by splitting has depth 1 to its father node. It is 

another way to avoid excessive complexity.  

5. Pruning trees 

In the process of building tree, it is very easy to overfit the training data. In order to 

solve the problem, we need to prune the tree. Because this article mainly focuses on 

CART, I will only introduce the methods to prune the CART tree.  

 

A feasible strategy is to grow a very large tree 𝑇0 at first, and then prune it back in 

order to obtain a subtree. Such methods if called Cost complexity pruning and it is a 

kind of post-pruning method. We shall also use cross-validation methods to test the 

effect of various pruning outcome and select the pruning strategy with the best 

generalization ability. Therefore, we need to construct a set containing any possible 

subtree 𝑇 ⊂ 𝑇0 . Rather than considering every possible subtree, we consider a 

sequence of trees indexed by a nonnegative tuning parameter 𝛼. For each value of 

𝛼 ,there corresponds a subtree 𝑇 ⊂ 𝑇0 such that 

𝐶𝑎(𝑇) = 𝐶(𝑇) + 𝛼|𝑇|         (11) 



is as small as possible. 𝐶𝑎(𝑇) can be regards as a loss function. 𝐶(𝑇) represent the 

prediction error of training data. In regression tree, 𝐶(𝑇) could be the Gini index 

(equation 8). In classification tree, 𝐶(𝑇) could be the RSS (equation 10). |𝑇| is total 

number of terminal nodes to represent the complexity of model.  

 

When 𝛼 = 0, the largest tree 𝑇0 is the optimal tree. When 𝛼 reaches infinite, the 

optimal tree will only have one node. One can easily show that as the 𝛼 increases from 

zero, size of tree will gradually decrease. If 𝛼1 <  𝛼2 , then the optimal tree 

corresponding to 𝛼1 must contain or equal to the optimal tree corresponding to 𝛼1, 

which means the optimal tree is nested. Finally, the optimal subtree is obtained by 

cross-validation and we could have an optimal value(interval) of 𝛼. Such subtree will 

be considered as a real pruning tree. 

6. Case with python 

6.1 Dataset 

This article uses a classification tree to predict sales of child car seats behavior. The 

Carseats dataset could be accessed in the package ISLR in R. So we need to 

manipulate the data to let it could be read by Python. 

 

Figure 6.1.1   Parts of Carseats dataset 

Carseats is a dataset containing sales of child car seats at 400 different stores. And 

there are 400 observation on the following 11 variables. 

 

Sales: Unit sales (in thousands of dollars) at each location. 

CompPrice: Price charged by competitor at each location. 

Income: Community income level (in thousands of dollars). 

Advertising: Local advertising budget for company at each location (in thousands of 

dollars). 



Population: Population size in region (in thousands). 

Price: Price company charges for car seats at each site. 

Shelveloc: A factor with levels Bad, Good and Medium indicating the quality of the 

shelving location for the car seats at each site. 

Age: Average age of the local population. 

Education: Education level at each location. 

Urban: A factor indicate whether the store is in an urban or rural location. 

US: A factor indicate whether the store is in US or not. 

 

In these data, we want to determine the relation between Sales and other 10 variables. 

Sales is continuous variable, so we should transfer it as a binary variable to build a 

classification tree. We let the value in Sales transfer to ‘Yes’ is the Sales variables 

exceeds 8.0 and takes on a value of ‘No’ otherwise. Therefore, we are predicting 

whether the Sales value could be larger than 8.0 based on rest of variables. 

6.2 Classification tree 

As what mentioned before, Gini index and entropy could both be used as splitting 

criterion. Here I will use entropy in the process of building and pruning tree. 

6.2.1 Building 

The first step is to create a representation of the tree. We use the class function in python 

to save the information of each node as many global variables. In each node, we should 

determine the criteria, the value lead to true or false, the branches and results if it 

reaches to the terminal node. 

The whole process is recursive and traversal. To see how good an attribute is, the 

algorithm first calculates the entropy of the whole group. Then it tries dividing up the 

group into two parts by all possible values of each attribute and calculates the 

conditional entropy of the two new groups. To determine which attribute is the best, 

the information gain should be calculated. The algorithm calculates the information 

gain for every attribute and chooses the one with the highest information gain to make 

the split. Then the observations are divided into two parts, one meets the condition and 

the other not. For each branch, then determines if the branch can be divided further of 



it has reach the stopping criterion. If a certain new branch can be divided, the same 

method is used to determine which variable to use and which value is the new condition. 

All the branch will keep dividing and creating new tree. When all the branches meet 

the stopping criterion, the construction of tree is finished. 

In building the algorithm, some detail should be noticed. 

In order to construct a binary tree but not multiway tree, we should divide the dataset 

in a uniform way to calculate the entropy and generate new branches. For example, if 

the specific attribute we use as the splitting criterion is Population with continuous 

value, we could directly divide the set based on whether other values in the Population 

column are larger or smaller than the chosen value, which could result in two subsets. 

If the data is not numerical such as Sheveloc consisted of three variable: ‘Bad’, 

‘Medium’ and ‘Good’, the algorithm will only consider whether the column value is 

the same as chosen value, i.e., it could be divided to {‘Bad’} and {‘Medium’, ‘Good’} 

but not three subsets.  

Originally, I choose the information gain equivalent to zero as the stopping criterion. 

However, because the amount of data is large, the tree will be extremely complicated. 

Therefore, I add one condition, which is each terminal node must have 3 observations.  

 

In the first tree, I use total 400 observations as the training data. Because class object 

cannot be directly displayed in Python and the tree is saved in a recursive class, we 

should use another recursive function to display the tree in a plain text. 

------------------------------------------------------------------------------------------------------- 
5:Good? 
T->4:136? 
     T->1:50? 
          T->2:4? 
               T->{'Yes': 4} 
               F->{'Yes': 2, 'No': 5} 
          F->{'No': 6} 
     F->9:Yes? 

          T->6:62? 
               T->4:125? 
                    T->{'Yes': 2, 'No': 2} 
                    F->{'Yes': 10} 
               F->{'Yes': 37} 
          F->4:110? 
               T->{'No': 6, 'Yes': 3} 
               F->{'Yes': 8} 
F->4:93? 
     T->2:14? 
          T->6:55? 
               T->0:124? 
                    T->4:129? 
                         T->{'No': 5} 



                         F->{'Yes': 5} 
                    F->{'No': 10} 
               F->0:131? 
                    T->{'Yes': 11} 
                    F->1:102? 
                         T->{'Yes': 5} 
                         F->{'Yes': 4, 'No': 5} 
          F->0:125? 
               T->4:123? 
                    T->0:148? 
                         T->4:150? 
                              T->{'No': 7} 
                              F->5:Medium? 
                                   T->{'Yes': 7, 'No': 1} 
                                   F->{'No': 4} 
                         F->4:130? 
                              T->{'No': 42} 
                              F->3:202? 
                                   T->{'No': 11} 
                                   F->{'No': 3, 'Yes': 2} 
                    F->5:Medium? 
                         T->4:110? 
                              T->6:50? 
                                   T->{'No': 10, 'Yes': 1} 
                                   F->1:66? 
                                        T->{'Yes': 4, 'No': 4} 
                                        F->{'Yes': 5} 
                              F->{'Yes': 15, 'No': 1} 
                         F->{'Yes': 1, 'No': 10} 
               F->4:107? 
                    T->{'No': 58} 
                    F->3:184? 
                         T->1:105? 
                              T->{'No': 2, 'Yes': 1} 
                              F->{'No': 23} 
                         F->1:64? 
                              T->{'Yes': 5, 'No': 1} 
                              F->{'No': 6} 
     F->1:58? 
          T->3:217? 

               T->{'Yes': 19, 'No': 1} 
               F->6:57? 
                    T->{'No': 5, 'Yes': 3} 
                    F->{'Yes': 7, 'No': 1} 
          F->5:Medium? 
               T->{'Yes': 3} 
               F->{'No': 7} 

------------------------------------------------------------------------------------------------------- 
 
 

The condition on the root node is ‘is Good in the column 5’? If the condition is met, it 

proceeds to the T> branch and then finds whether the value in the 4 column is no less 

than 136. Such evaluation will continue until it reaches a branch that has a result. We 

should know that some results are not totally pure. 

 

However, such textual display is fine for small trees, but quite difficult for this tree. 

So, we use the graphical representation of the tree that will be useful for viewing. 

Again, the function plotting graph is still recursive. In order to know how many 



spaces needed for all the branches, we should know total width and depth of the tree.  

I also make the condition clearer in the graph. 

Figure 6.2.1 classification tree 

Because the space limits, ‘True’ and ‘False’ labels are not shown in the graph. In all 

generated tree diagrams in this article by using Python, the True branch is always the 

righthand branch. If the condition is numerical, such as ‘Price:93’, the observation go 

through True branch (right branch) has the Price value no less than 93. If the condition 

is qualitative, such as ‘Shelveloc: Good’, the observation go through True branch (right 

branch) has the ‘Shelveloc’ value equal to ‘Good’. 

 

The training accuracy (1- training error rate) could be calculated. It is equal to 0.93, 

which is very high. However, good training error rate does not imply the model is good 

enough. 

6.2.2 Pruning 

In terms of pruning, let’s take the previous idea to construct a sequence of subtree. As 

I have mentioned, setting threshold of stopping criterion bigger than zero is not 

feasible. But it is feasible when it comes to post-pruning. We could check a pair of 

terminal nodes connecting to a common parent node to see if merging them will 

increase the entropy by less than a specified threshold. It will help us to know which 

entropy difference generated by the classification of some attributes is to small and 

there is no need to distinguish them. Considering the information gain is between 0 



and 1 by formula (5), we could set the minimal information gain between such 

interval. Increase the mingain could help reduce the complexity of tree and we will 

get a sequence of subtree.

 

Figure 6.2.2.1   terminal node vs. min information gain  

In this figure, we could clearly see the relation between minimal information gain we 

set and the number of terminal nodes. Number of terminal nodes illustrates the 

complexity of tree. As the minimal information gain increases, tree becoming simpler. 

We could see when mingain is zero, there are 35 terminal nodes in total, which 

represent in situation in Figure 6.2.1. When mingain is larger than 1, tree will shrink 

to one node. 

Some graphs of pruned tree with different mingain are shown as follows: 

 

 



Figure 6.2.2.2   mingain = 0.2 

 

 

Figure 6.2.2.3   mingain = 0.4 

 

 

Figure 6.2.2.4   mingain = 0.6 

 

 



 

Figure 6.2.2.5   mingain = 0.8 

 

6.2.3 Cross-validation 

The final step in build this tree is to determine the best minimal information gain in 

the pruning process. Here we will use the 10-fold cross-validation to choose it. 

Because it involves new training data instead of 400 observations, I will state this 

process respectively. 

 

(1) Use binary splitting method to grow a large classification tree on the 400-training 

data and stop when the stopping criterion is reached. 

(2) In the pruning process, obtain a sequence of best subtree as a function of minimal 

information gain. 

(3) Use 10-fold cross validation to choose mingain. That is, divide the traning 

observations into 10 folds. For each 𝑘 = 1,2. .10 

(a) Repeat Steps 1 and 2 on all but the kth fold of training data. 360 observations 

are used as training data 

(b) Evaluate the mean accuracy on the data in the left-out kth fold, as a function of  

mingain. 

Average the results for each value of mingain, and pick such mingain to maximize 

the accuracy, i.e. minimize the error. 

(4) Construct the subtree from Step 2 that corresponds to the chosen mingain 

 



Here are two simple examples to illustrate the relation between training accuracy and 

validation accuracy and it is only part of the 10-fold cross-validation. I randomly 

choose 360 observations (400 ∗
9

10
) as the training set and 40 observations as 

validation set. Build the tree with the training set and then prune it by choosing 

mingain from 0 to 1. In every subtree we pruned, we simultaneously calculate the 

training accuracy and validation accuracy. 

 

 

Figure 6.2.3.1   example one 

 

 

Figure 6.2.3.2   example two 

 



One thing must be clarified before the following statement. In the classification tree, 

we use the most commonly occurring class of training observations to make prediction. 

If the amount of ‘Yes’ and ‘No’ are not equal in any of terminal node, things will be 

quite easy. But what if two class have same amount in the terminal node? In order to 

make the prediction to be consistent, I make many trials and set a regulation that if such 

case exist, such prediction will lead to ‘No’ consistently but not ‘Yes’. I suppose that 

one possible reason is the total amount of ‘No’ is larger than that of ‘Yes’. Only when 

I set this can the results have higher accuracy generally. 

 

From figure 6.2.3.1 and 6.2.3.2, the training accuracy will always decrease with the 

decrease of tree complexity, which fit the property of training error. On the contrary, 

validation accuracy will reach a peak in the graph and we suppose such peak is where 

the optimal solutions located. Therefore, we use the 10-fold cross validation to record 

such peak: the interval of minimal information gain. Such pruned subtree in terms of 

the mingain could be regarded as the best generalized model in predicting the 

observation. 

 

In the 10-fold cross validation test, training set and validation set will be chosen 

randomly. Therefore, in order to make the result more valid, I do the 10-fold test for 

fifth times. All data will be shuffled in different cv-test. And in each cv-test, 10 trees 

will be built respectively and then be pruned. 10 best mingain interval will be generated 

and 10 best test-accuracy will be calculated. Instead of having the best interval, we 

would like to calculate an accurate value of mingain to prune the tree. Therefore, I take 

the midpoints of interval. 

 

For 𝑖 = 1,2, … 10, let 𝐴𝑖 represent the best mingain interval in each trail. 

Then 𝐴𝑖 = [𝑎𝑖 , 𝑏𝑖].  

Let 𝑚𝑖 be the one trail accuracy. 

Then 

𝐴𝑉𝐸𝑅𝐴𝐺𝐸 𝐶𝑅𝑂𝑆𝑆 𝑉𝐴𝐿𝐼𝐷𝐴𝑇𝐼𝑂𝑁 𝐴𝐶𝐶𝑈𝑅𝐴𝐶𝑌 =  ∑
𝑚𝑖

10

10

𝑖=1

 

𝑏𝑒𝑠𝑡_𝑚𝑖𝑛𝑔𝑎𝑖𝑛 =  ∑

(𝑎𝑖 + 𝑏𝑖)
2

10

10

𝑖=1

 



Results for fifth times are as follows: 

 

 

 

 

 

 

 

Those values are quite closed to each other and take the average of such results for 

one more time. 

𝐴𝑉𝐸𝑅𝐴𝐺𝐸 𝐶𝑅𝑂𝑆𝑆 𝑉𝐴𝐿𝐼𝐷𝐴𝑇𝐼𝑂𝑁 𝐴𝐶𝐶𝑈𝑅𝐴𝐶𝑌 = 78.95% 

𝑏𝑒𝑠𝑡_𝑚𝑖𝑛𝑔𝑎𝑖𝑛 =  0.411582 

We use 0.411582 to prune the original tree generated by 400 observations. 

 

Figure 6.2.3.3   mingain = 0.411582 

This tree is exactly the same as the one in figure 6.2.2.3. And we could say that this 

tree is with best generalization ability in predicting the Sales behavior. It has 78.95% 

validation accuracy. 



7. Compared with results in R and Summary 

Because the Carseats dataset is extract from R, we can directly use the package tree 

in R to generate a completed tree. In the book An Introduction to Statistical Learning, 

it gives us process and the tree structure. 

 

Figure 7.1 

We could see this tree is small than what I created by Python. I supposed it is because 

of its own internal algorithm. If we compare it directly to tree obtained in section 6, we 

could find that though there are some small differences, the general structure is quite 

similar.  

 

Moreover, in this book, the writer split the observations into one more set than those I 

split, which has no test set. It is because I think that the overall structure of the model 

is most important. Also, the original observation data is not that large and reducing the 

size of training data may also reduce the generalization ability of the tree. Moreover, 

according to this book, validation accuracy could replace test accuracy to some extent. 

 

Finally, after some essential pruning, the writer gives the highest test accuracy: 77%, 

which is slightly lower than my validation accuracy. Considering that validation 

accuracy is usually slightly higher than the test accuracy, my result is acceptable.  

 



In summary, the model is valid in predicting the behavior of Sales in the Carseats 

dataset compared with results in R. Because the validation accuracy is acceptable. 

When we choose the mingain, all value is closed to each other, which also show the 

reliability and stability of the model. However, whether it could suit another dataset is 

still unknown, but I supposed it could. And there is still other method to improve the 

prediction of decision tree such as bagging and random forest. 
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Appendix for Python 

#!/usr/bin/env python  
# -*- coding:utf-8 -*- 
 
from imp import reload 
import matplotlib.pyplot as plt 
import numpy as np 
import csv 
import matplotlib.pyplot as plt 
from PIL import Image, ImageDraw, ImageFont 
from sklearn.model_selection import KFold 
 
# read data, return label and list 
def read_dataset(filename): 
    f=open(filename, 'r') 
    csvreader=csv.reader(f) 
    final_list=list(csvreader) 
 
    for row in range(len(final_list)): 
        final_list[row]=final_list[row][2:] 
    label=final_list[0] 
    final_list=final_list[1:] 
 
    for j in range(len(final_list)): 
        for i in range(len(final_list[0])): 
            try: 
                final_list[j][i]=int(final_list[j][i]) 
            except: 
                pass 
    return label, final_list 
 
 
# create node in decision tree 
class decisionnode: 
    def __init__(self, col=-1, value=None, results=None, tb=None, fb=None): 
        self.col=col  # which column to classify 
        self.value=value  # if ture, what value should be  
        self.results=results  # if terminal node, have results. If not, None. 
        self.tb=tb  # If condition is true, node following 
        self.fb=fb  # If condition is false, node following 
 
 
 
# divide set by specific column and value, can handle numerical and qualitative value. 
def divideset(rows, column_index, column_value): 
    #  
 
    split_function=None 
    if isinstance(column_value, int) or isinstance(column_value, float): 
        split_function=lambda row: row[column_index] >= column_value       

else: 
        split_function=lambda row: row[column_index] == column_value   



 
    set1=[row for row in rows if split_function(row)] 
    set2=[row for row in rows if not split_function(row)] 
    return (set1, set2) 
 
 
# rows calculate Gini index 
def giniimpurity(rows): 
    total=len(rows) 
    counts=uniquecounts(rows) 
    imp=0 
    for k1 in counts: 
        p1=float(counts[k1]) / total 
        for k2 in counts: 
            if k1 == k2: continue 
            p2=float(counts[k2]) / total 
            imp+=p1 * p2 
    return imp 
 
 
# Counts of possible result, return a dictionary 
def uniquecounts(rows): 
    results={} 
    for row in rows: 
     
        r=row[len(row) - 1] 
        if r not in results: results[r]=0  
        results[r]+=1   
    return results 
 
 
# Calculate entropy 
def entropy(rows): 
    from math import log 
    log2=lambda x: log(x) / log(2) 
    results=uniquecounts(rows) 
    # entropy 
    ent=0.0 
    for r in results.keys(): 
        p=float(results[r]) / len(rows) 
        ent=ent - p * log2(p) 
    return ent 
 
 

# tree building 
def buildtree2(rows, scoref=entropy):   

   if len(rows) == 0: 
        return decisionnode() 
    current_score=scoref(rows) 
 
    # Set up some variables to track the best criteria 
 
    best_gain=0.0 
    best_criteria=None 
    best_sets=None 
 
    column_count=len(rows[0]) - 1  # last column is result 



    for col in range(0, column_count): 
 
 
        column_values={} 
        for row in rows: 
            column_values[row[col]]=1 
        # dividing the rows up for each value 
        # in this column 
               for value in column_values.keys(): 
            (set1, set2)=divideset(rows, col, value) 
 
            # information gain 
            p=float(len(set1)) / len(rows) 
            gain=current_score - p * scoref(set1) - (1 - p) * scoref(set2)   

            if gain > best_gain and len(set1) > 0 and len(set2) > 0:   
                best_gain=gain 
                best_criteria=(col, value) 
                best_sets=(set1, set2) 
    # recursion 
    if best_gain > 0  and len(best_sets[0]) >= 3 and len(best_sets[1]) >= 3: 
        trueBranch=buildtree2(best_sets[0], scoref)  # true branch 
        falseBranch=buildtree2(best_sets[1], scoref)  # false brach 
        y=decisionnode(col=best_criteria[0], value=best_criteria[1], 
                       tb=trueBranch, fb=falseBranch) 
        return decisionnode(col=best_criteria[0], value=best_criteria[1], 
                            tb=trueBranch, fb=falseBranch) 
 
    else: 
        x=decisionnode(results=uniquecounts(rows)) 
        return decisionnode(results=uniquecounts(rows))  # terminal node 
 
# text tree 
def printtree(tree, indent=''): 
    if tree.results != None: 
        print(str(tree.results)) 
    else: 
        print(str(tree.col) + ':' + str(tree.value) + '?') 
        print(indent + 'T->', end='') 
        printtree(tree.tb, indent + '     ') 
        print(indent + 'F->', end='') 
        printtree(tree.fb, indent + '     ') 
 
 
#how many node in a tree 

def count_node(tree, number=1): 
    if tree.results != None: 
        return number 
    else: 
        number=count_node(tree.tb, number=number + 1) 
        number=count_node(tree.fb, number=number + 1) 
    return number 
 
# how many terminal node in a tree 
 
def count_end_node(tree, number=0): 
    if tree.results != None: 
        return number + 1 



    else: 
        number=count_end_node(tree.tb, number=number) 
        number=count_end_node(tree.fb, number=number) 
    return number 
 
 
 
 
#    draw the graph of relation nodes an mingain 
def lasso(): 
    fig=plt.figure(num=1, figsize=(15, 8), dpi=80) 
    i=np.arange(0, 1.2, 0.005) 
    j=np.array([]) 
    tree=buildtree2(my_data) 
    for k in i: 
        try: 
            k.astype(float) 
            prune(tree, k) 
            node=count_node(tree) 
            j=np.append(j, node) 
        except: 
            j=np.append(j, 1) 
    plt.plot(i, j, 'ro') 
    plt.savefig('lasso.jpeg') 
    plt.plot(i, j, 'ro') 
 
#    draw the graph of relation between terminal nodes and mingain 
def lasso_endnode(data): 
    Font1={'family' : 'Times New Roman','weight' : 'normal','size' : 23} 
    fig=plt.figure(num=1, figsize=(15, 8), dpi=100) 
    i=np.arange(0, 1.01, 0.001) 
    j=np.array([]) 
    tree=buildtree2(data) 
        for k in i: 

# try whether it can be prune 
        try: 
            k.astype(float) #to float 
            prune(tree, k) 
            node=count_end_node(tree) 
            j=np.append(j, node) 
        except: 
            j=np.append(j, 1) 
    plt.plot(i, j, 'ro') 
    plt.grid(True) 
    plt.xlabel('minimal information gain',Font1) 
    plt.ylim(0,39) 
    plt.ylabel('number of terminal node',Font1) 
    plt.savefig('lasso_jiujitest.jpeg') 

plt.show() 
 
 
 
 
# get width of tree 
def getwidth(tree): 
    if tree.tb == None and tree.fb == None: return 1 
    return getwidth(tree.tb) + getwidth(tree.fb) 



 
 
# get depth of tree 
def getdepth(tree): 
    if tree.tb == None and tree.fb == None: return 0 
    return max(getdepth(tree.tb), getdepth(tree.fb)) + 1 
 
 
# draw the tree 
def drawtree(tree, jpeg='tree.jpg'): 
    w=getwidth(tree) * 250 + 400 
    h=getdepth(tree) * 400 + 550 
 
    img=Image.new('RGB', (w, h), (255, 255, 255))  # (Image.new(mode, size, color)) 
    draw=ImageDraw.Draw(img)  # draw a canvas . 
 
    drawnode(draw, tree, w / 2, 200)   
    img.save(jpeg, 'JPEG') 
 
 
# draw until the terminal node is reached 
def drawnode(draw, tree, x, y): 
    Font1=ImageFont.truetype("/Users/wuyikai/Documents/final year p/coding_R/simhei.ttf", 
100) 
    if tree.results == None:  # not the final node 
        # get width 
        w1=getwidth(tree.fb) * 250 
        w2=getwidth(tree.tb) * 250 
 
        left=x - (w1 + w2) / 2 
        right=x + (w1 + w2) / 2 
 
        #label is global varible 
        draw.text((x - 250, y - 150), str(label[tree.col]) + ':' + str(tree.value), (0, 0, 0), 
font=Font1) 
 
       
        draw.line((x, y, left + w1 / 2, y + 400), fill=(255, 0, 0), width = 10) 
        draw.line((x, y, right - w2 / 2, y + 400), fill=(255, 0, 0), width = 10) 
 
        drawnode(draw, tree.fb, left + w1 / 2, y + 400) 
        drawnode(draw, tree.tb, right - w2 / 2, y + 400) 
 
 
    else: 
        txt='\n'.join(['%s\n%d' % v for v in tree.results.items()]) 
        draw.text((x - 40, y), txt, (0, 0, 0),font=Font1) 
 
 
# predict the new observation 
def predict(observation, tree): 
    if tree.results != None: 
        if len(tree.results) == 1: 
            return tree.results 
        else: 
            another_results = tree.results.copy() 
            if another_results['Yes'] > another_results['No']: 



                del another_results['No'] 
                return another_results 
            elif another_results['Yes'] < another_results['No']: 
                del another_results['Yes'] 
                return another_results 
            else: 
                del another_results['Yes']  #If the amout of Yes and No are equal, choose 
No as the result 
                                           
                return another_results     
    else: 
         v=observation[tree.col] 
         branch=None 
 
        # first consider the numerical term 
        if isinstance(v, int) or isinstance(v, float): 
            if v >= tree.value: 
                branch=tree.tb 
            else: 
                branch=tree.fb 
 
        # consider the string terms 
        else: 
            if v == tree.value: 
                branch=tree.tb 
            else: 
                branch=tree.fb 
        return predict(observation, branch) 
 
#predict_sample 
def predict_samples(samples, tree): 
  predictions = [] 
  for sample in samples: 
      predictions.append(predict(sample, tree)) 
  return predictions 
 
# prune tree 
def prune(tree, mingain): 
 
    if tree.tb.results == None: 
        prune(tree.tb, mingain) 
    if tree.fb.results == None: 
        prune(tree.fb, mingain) 
 
    if tree.tb.results != None and tree.fb.results != None: 
        tb, fb=[], [] 
        for v, c in tree.tb.results.items(): 
            tb+=[[v]] * c          for v, c in tree.fb.results.items(): 
            fb+=[[v]] * c 
        
        p=float(len(tb)) / (len(tb + fb)) 
        delta = entropy(tb + fb) - p * entropy(tb) - (1 - p) * entropy(fb) 
        if delta < mingain: 
            tree.tb, tree.fb = None, None 
            tree.results = uniquecounts(tb + fb) 
 
# calculate accuracy 



def test_accuracy(test_data, tree): 
    predictions=predict_samples(test_data, tree) 
    pres = [] 
    for i in predictions: 
        pres.append(list(i.keys())) 
    accuracy = 0 
    for i in range(len(test_data)): 
        if [test_data[i][-1]] == pres[i]: 
            accuracy += 1 
    return accuracy/len(test_data) 
 
# change list type 
def change_typelist(row): 
    for j in range(len(row)): 
        for i in range(len(row[0])): 
            try: 
                row[j][i]=int(row[j][i]) 
            except: 
                pass 
    return row 
 
# an example 
def example(): 
    label, my_data=read_dataset('Carseat.csv') 
    train_data = my_data[0:360] 
    valid_data = my_data[360:] 
    tree = buildtree2(train_data) 
    drawtree(tree,'testtesttest.jpg') 
    i=np.arange(0, 1.01, 0.001) 
    trainy = [] 
    validy = [] 
    for mingain in i: 
        try: 
            prune(tree,mingain) 
        except: 
            pass 
        train_rate=test_accuracy(train_data, tree) 
        valid_rate=test_accuracy(valid_data, tree) 
        trainy.append(train_rate) 
        validy.append(valid_rate) 
    trainy = np.array(trainy) 
    validy = np.array(validy) 
    Font1={'family' : 'Times New Roman','weight' : 'normal','size' : 20} 
    fig=plt.figure(num=1, figsize=(15, 8), dpi=100) 
    plt.plot(i, trainy, c='red',label='Training accuracy') 
    plt.plot(i, validy, c='blue',label='Validation accuracy') 
    plt.legend(loc='upper right') 
    plt.grid(True) 
    plt.xlabel('Minimal information gain',Font1) 
    plt.ylim(0.4,1) 
    plt.ylabel('Accuracy',Font1) 
    plt.show() 
    return 
 
 
def crossvalid(): 
    label, my_data = read_dataset('Carseat.csv') 



    data = np.array(my_data)     
    kf = KFold(n_splits=10, shuffle=True)      
    best_accuracy_interval = []                
    total_best_mingain_interval=[]              
    for train_index, test_index in kf.split(data):   
        train_data = data[train_index].tolist() 
        test_data = data[test_index].tolist() 
 
        train_data = change_typelist(train_data)    
        test_data = change_typelist(test_data) 
        best_accuracy = 0.0                       
        tree = buildtree2(train_data) 
 
        for mingain in np.arange(0.0, 1, 0.0002): 
            try:                                                    

prune(tree, mingain) 
                                          

accuracy = test_accuracy(test_data, tree)  
                if accuracy > best_accuracy:               
                    best_mingain_interval=[]               
                    best_accuracy = accuracy 
                    best_mingain_interval = [mingain, mingain]  
                if accuracy == best_accuracy: 
                    best_mingain_interval[1] = mingain      

            except: 

                pass 

 

        total_best_mingain_interval.append(best_mingain_interval) 

        best_accuracy_interval.append(best_accuracy) 

 

    print('10 BEST MINGAIN INTERVEL:',total_best_mingain_interval) 

    print('10 BEST ACCURACY:',best_accuracy_interval) 

    print('AVERAGE CROSS VALIDATION 

ACCURACY:',sum(best_accuracy_interval)/len(best_accuracy_interval))  

    choose_mingain = 0 

    for i in total_best_mingain_interval: 

        choose_mingain += sum(i)/2 

    choose_mingain = choose_mingain/10 

    print('best_mingain:', choose_mingain) 

    return choose_mingain, sum(best_accuracy_interval)/len(best_accuracy_interval) #  

 

if __name__=='__main__':  

 
label, my_data = read_dataset('Carseat.csv') 
tree=buildtree2(my_data)   



prune(tree, 0.411582) 
lasso_endnode(my_data) 
drawtree(tree, jpeg='buildtree2 0.411582.jpg')   
print(a) 
lasso_endnode(my_data) 
crossvalid() 
example() 
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