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Abstract
Though the fundamental theorem of algebra is of algebraic nature, it can

be proved by a variety of methods. The purpose of this thesis is to provide
several of its proofs from the perspectives of algebra, analysis and topology
respectively. I believe this project will be a very good summary and appli-
cation of the knowledge that I have learned from my undergraduate studies,
especially as it utilizes knowledge from different fields of Mathematics.

1 Introduction

The Fundamental Theorem of Algebra plays an important role in mathematics.
It states that every non-constant polynomial with complex coefficients has a root in
C. More precisely, we have

Theorem 1.1 (The Fundamental Theorem of Algebra). Given any positive integer
n ≥ 1 and any complex numbers a0, a1, ..., an s.t. an 6= 0 for all n, the polynomial

P (z) = anz
n + · · ·+ a0

has at least a root in C.

As an immediate consequence, we have

Corollary 1.1. Every polynomial P (z) = anz
n + · · ·+ a0 with complex coefficients

of degree n ≥ 1 has exactly n roots in C.

Proof. By theorem 1.1, there is a root of P (z), say w1. Let z = (z−w1) +w1, insert
this expression of z into P (z) and using binomial formula we get

P (z) = bn(z − w1)
n + · · ·+ b1(z − w1) + b0

where b0, ..., bn−1 are new coefficients, and bn = an. Since P (w1) = 0, we find that
b0 = 0, therefore

P (z) = (z − w1)[bn(z − w1)
n−1 + · · ·+ b1] = (z − w1)Q(z)

where Q(z) is a polynomial of degree n− 1. Then by induction on the degree of the
polynomial, we conclude that P (z) has n roots, it can be expressed as

P (z) = an(z − w1)(z − w2) · · · (z − wn)

for some c ∈ C.
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2 A brief history

Historically, finding the roots of a polynomial has been the motivation for both
classical and modern algebra.

The first person to clearly claim that an n degree polynomial equation has n
solutions was Albert Girard (1595–1632) in 1629 in his L’invention Nouvelle en
l’Alg‘ebre. However, he did not understand the nature of complex numbers and
this was to have implications for future explorations of the problem. In 1746, Jean
Le Rond D’Almbert (1717–1783) made the first serious attempt at a proof of the
Fundamental Theorem of Algebra, but his proof had several weaknesses. Leonhard
Euler proved that every real polynomial of degree n, where n ≤ 6 , has exactly n
complex roots. In 1749, Euler attempted a proof for a general nth degree polyno-
mial, but his proof was a bit sketchy.

The first substantial proof of the fundamental theorem, though not rigorous by
modern standards, was given by Gauss in his doctoral thesis of 1799 at Hemlstadt.
He criticized the work of d’Alembert, Euler, and Lagrange and then gave his own
proof. Gauss’s method was not to calculate a root but to demonstrate its existence.
Gauss gave three more proofs of the theorem.

3 Analytical way

As a polynomial with complex coefficients can be naturally viewed as an ana-
lytical object, namely a holomorphic function defined on the entire complex plane,
analytical methods can be used to prove the fundamental theorem. One of the
important analytical tool we need is Liouville’s Theorem, which is proved in any
complex analysis class and is one of the most important theorems about complex
analytic functions. To state this theorem, we need to recall some basic notions.

Definition 3.1 (Open set in C). A set S ⊆ C is called an open set if for every
z0 ∈ S there exists r > 0 s.t. B(z0, r) = {z ∈ C : |z − z0| < r} ⊆ S.

Definition 3.2 (Holomorphic and Entire function). Let Ω be an open set in C and
f a complex-valued function on Ω. The function f is holomorphic at the point
z0 ∈ Ω if

lim
h→0

f(z0 + h)− f(z0)

h

exists, where h ∈ C and h 6= 0 with z0 + h ∈ Ω. Moreover, f is called holomorphic
on ω if f is holomorphic at every point of Ω. f is called an entire function if it
is defined and holomorphic on C.

An important fact about holomorphic functions is the following Cauchy’s in-
equality:
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Theorem 3.1 (Cauchy inequality). If f is holomorphic in an open set that contains
the closure of a disc D centered at z0 and of radius R, then

|f (n)(z0)| ≤
n!||f ||C
Rn

where ||f ||C = sup
z∈C
|f(z)| denotes the supremum of |f | on the circle C : |z− z0| = R,

the boundary of the disk D.

Theorem 3.2 (Liouville’s theorem). If f is entire and bounded, i.e. there exists
M > 0 s.t. |f(z)| < M for all z ∈ C, then f is constant.

Proof. Assume f is entire and bounded, take M as a bound of f . Apply Cauchy’s
inequality on f , when n = 1, for all z0 ∈ C, R > 0 we have

|f ′(z0)| ≤
M

R

Since the inequality holds for any R > 0 and z0 ∈ C, then f ′(z) = 0 everywhere in
C. Then f is constant.

We shall also need a general result from point-set topology, which states that the
image of a compact set under a continuous function is again compact. This result
can be viewed as a generalization of the extreme value theorem that we learned in
Mathematical Analysis for real-valued functions. First we recall the definition of
compact subsets of C.

Definition 3.3. Let S be a subset of C and {zn} be a sequence in S. v ∈ C is called
an accumulation point of {zn} if given any ε > 0, there exists infinitely many
n ∈ N+ s.t. ,

|zn − v| < ε.

Definition 3.4 (Compact Set of C). A subset S of C is called compact if every
sequence of elements of S has an accumulation point in S.

Now we recall two important theorems learned from Mathematical Analysis
course, the latter one will be used in our proof of the fundamental theorem of
algebra.

Theorem 3.3 (Bolzano-Weierstrass Theorem). A bounded sequence of real numbers
has a convergent subsequence.

Its proof follows from the Monotone Subsequence Theorem, which says every
sequence of real numbers has a monotonic subsequence. Then by applying the
Monotone Convergence Theorem to this monotonic subsequence will finish the proof.
We will use this result to prove Theorem 3.4 below which is another characterization
of compact subsets of C. We first recall some basic notions from Point Set Topology.

Definition 3.5. A set is called closed if it contains all its boundary points.

Definition 3.6. The closure of a set S is defined to be the union of S and all its
boundary points.
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We now give another characterization of compact subsets of C.

Theorem 3.4. A subset S of C is compact if and only if it is closed and bounded.

Proof. Suppose S is compact. If S is not bounded, then for each positive integer n,
there exists zn ∈ S s.t.

|zn| > n

For any v ∈ C, take m > 2|v|, then

|zm − v| ≥ |zm| − |v| > m− |v| > |v|

which means {zn} has no accumulation point, contradicts that S is compact. Hence
S is bounded. To show S is closed, let v be in its closure S. Given arbitrary n,
there exists zn ∈ S s.t.

|zn − v| <
1

n
.

Then {zn} converges to v. Since S is compact, then {zn} has a accumulation point
in S. This limit point must be v. Since v ∈ S is arbitrary, then S = S, which means
S is closed.

Conversely, assume that S is closed and bounded. Let B be a bound of S, then
|z| ≤ B for all z ∈ S. If we write

z = x+ iy, x, y ∈ R

then |x| ≤ B and y ≤ B. Let {zn} be a sequence in S and write zn = xn + iyn,
xn, yn ∈ R. By Bolzano-Weierstrass theorem, there is a subsequence {zn1} s.t. {xn1}
converges to a real number a ≤ B and there is a sub-subsequence {zn2} s.t. {yn2}
converges to a real number b ≤ B. Then

{zn2 = xn2 + iyn2}

converges to a+ ib ∈ S(a+ ib ∈ S since S is closed). Hence a+ ib is an accumulation
point of {zn} which is in S. Hence S is compact.

Theorem 3.5. If K is a compact subset of C and f : K → C is continuous on K,
then f(K) is compact. Moreover, if f(K) ⊂ R, then it will attains its maximum
and minimum.

Proof. Let {zn} be an arbitrary sequence in f(K). We need to show it has an ac-
cumulation point in f(K). Choose wn ∈ K so that zn = f(wn). As K is compact,
{wn} has an accumulation point w ∈ K. Therefore there exists a subsequence {wnk

}
which converges to w. Then since f is continuous, the subsequence {znk

= f(wnk
)}

converges to f(w) ∈ f(K). Hence f(w) is an accumulation point of {zn} which is
in f(K). Thus f(K) is compact.

If f(K) ⊆ R, then as f(K) is compact, it is closed and bounded by Theorem
3.4. Let

M = sup{x : x ∈ f(K)}, m = inf{x : x ∈ f(K)}
Then −∞ < M,m <∞ since f(K) is bounded. M,m ∈ f(K) since f(K) is closed.
Therefore f attains its maximum M and minimum m.
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We now prove the Fundamental Theorem of Algebra using the results from anal-
ysis above.

Proof. Assume P (z) = anz
n + · · · + a1z + a0 has no roots with n ≥ 1 and an 6= 0.

Then the function 1/P (z) is an entire function. We now show it is also a bounded
function. To this end, we first consider

P (z)

zn
= an +

(an−1
z

+ · · ·+ a0
zn

)
for z 6= 0. Since each term in the parentheses goes to 0 as |z| → ∞, then for

c =
|an|
2

, there exists R > 0 such that when |z| > R, we have

∣∣|P (z)

zn
| − |an|

∣∣ < c.

It follows that
|P (z)| > c|zn| > cRn whenever |z| > R.

Hence
1

|P (z)|
<

1

cRn
whenever |z| > R.

Now on the disc |z| ≤ R, which is compact as it is closed and bounded, the contin-
uous function |P (z)| attains its maximum, say M and minimum, say m on |z| ≤ R
by Theorem 3.5. Therefore

1

|P (z)|
<

1

m
whenever |z| ≤ R.

Combining the above estimations, we see that 1/P (z) is bounded on C. Thus 1/P (z)
is bounded and entire. By Liouville’s theorem we conclude that 1/P (z) is constant,
which contradicts to the fact that P (z) is non-constant. Hence P (z) must have a
root in C. This completes the proof.

Next, I will introduce the maximum modulus principle (actually it’s the contra-
position of it) learned from complex analysis course. We will use this theorem to
give another proof of the Fundamental Theorem of Algebra.

Theorem 3.6 (Maximum modulus principle). Let f be a function holomorphic on
some connected open subset D of the complex plane C. If z0 is a point in D s.t.

|f(z)| ≤ |f(z0)|

for all z in some neighborhood of z0, then f is constant of D.

We now prove the Fundamental Theorem of Algebra using the maximum mod-
ulus principle.
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Proof. Assume P (z) = anz
n+···+a0 has no roots and a0, an 6= 0. From the property

of polynomial, there exists R > 0 s.t. |P (z)| > |P (0)| for all |z| ≥ R since when
n → ∞, |P (z)| ≈ |anzn| → ∞. Consider the closed disk {z : |z| ≤ R}, by theorem
3.4, there exists |z0| < R s.t. |P (z0)| 6= 0 is the minimum of P (z) on C. Since P (z)
is a polynomial then it is an entire function. Then 1/P (z) exists on {z : |z| ≤ R}.
Applying the maximum modulus principle on 1/P (z) on {z : |z| < R}, then 1/P (z)
is a constant which contradicts P (z) is a polynomial since z0 is a interior of the
closed disk.

4 Algebraic way

We now turn to a more algebraic approach to the Fundamental Theorem of
Algebra. First, we need to recall some basic definitions.

Definition 4.1. If F and F ′ are fields with F a subfield of F ′, then F ′ is an ex-
tension field of F .

The notion of a field has been studied in the course of Abstract Algebra. It is
a set with two binary operations satisfying the field axioms. Our basic approach is
to study extension fields whose elements are roots of polynomials over a fixed field.
So we need the following definition.

Definition 4.2. If F ′ is an extension field of F and α ∈ F ′, then α is algebraic
over F if there exists a polynomial 0 6= p(x) ∈ F [x] with p(α) = 0, i.e. α is a root
of polynomial with coefficients in F . If every element of F ′ is algebraic over F , then
F ′ is an algebraic extension of F .

Next we push it further to extension field where a given polynomial has all its
roots, which called a splitting field.

Definition 4.3. If 0 6= f(x) ∈ F [x] and F ′ is an extension field of F , then f(x)
splits in F ′ if f(x) factors into linear factors in F ′[x]. Equivalently, this means
that all the roots of f(x) are in F ′.

F ′ is a splitting field for f(x) over F if F ′ is the smallest extension field of F
that f(x) splits.

The proof of the following Theorem can be found in any Abstract Algebra text-
book.

Theorem 4.1. If 0 6= f(x) ∈ F [x], then there exists a splitting field for f(x) over
F .

Now the algebraic proof of the Fundamental Theorem of Algebra mainly depends
on the following four lemmas. The first two lemmas we will mainly be used to prove
the fourth lemma.

Lemma 4.1. Every odd-degree real polynomial must have a real root.
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Proof. Suppose P (x) ∈ R[x] with deg P (x) = n = 2k + 1 and suppose the leading
coefficient an > 0 (the proof is almost identical if an < 0). Then

P (x) = anx
n + (lower terms)

and n is odd. Then

(1) lim
x→∞

P (x) = lim
x→∞

anx
n =∞ since an > 0

(2) lim
x→−∞

P (x) = lim
x→−∞

anx
n = −∞ since an > 0 and n is odd.

From (1), since P (x) can get arbitrarily large positively, so there exists x1 with
P (x1) > 0. Similarly, from (2) there exists x2 with P (x2) < 0. Every real polynomial
is a continuous real-valued function for all x ∈ R. By the intermediate value theorem,
since P (x1)P (x2) < 0, that there exists x3 between x1 and x2 s.t. P (x3) = 0.

Lemma 4.2. Every degree-two complex polynomial must have a complex root.

Proof. If P (x) = ax2 + bx+ c, a 6= 0, then the roots formally are

x1 =
−b+

√
b2 − 4ac

2a
, x2 =

−b−
√
b2 − 4ac

2a

Since every complex number has a square root in C (this fact indeed needs to use
analysis), hence x1, x2 exist in C. Moreover, x1 = x2 if b2 − 4ac = 0.

Lemma 4.3. If every non-constant real polynomial has complex root, then every
non-constant complex polynomial has a complex root.

Proof. Let P (x) ∈ C[x] and suppose that every non-constant real polynomial has
at least one complex root. Let H(x) = P (x)P (x). Easy to show that H(x) ∈ R[x]
since

H(x) = P (x)P (x) = P (x)P (x) = P (x)P (x) = P (x)P (x).

By supposition there exists a z0 ∈ C with H(z0) = 0. Then P (z0)P (z0) = 0, and
since C has no zero divisors, either P (z0) = 0 or P (z0) = 0.

In the first case, z0 is a root of P (x). In the second case P (z0) = 0. Say
P (x) = anx

n + · · ·+ a0, then

P (x) = anxn + · · ·+ a0 = anxn + · · ·+ a0 = P (x)

Thus P (z0) = P (z0) = P (z0) = P (z0) = 0. Therefore, z0 is a root of P (x).
Since P (x) ∈ C[x] is arbitrary, then every non-constant complex polynomial has a
complex root.

There is last one lemma left, which is the crucial and difficult one, to get it we
need the concept of a symmetric polynomial. In order to introduce this concept we
first review some basic ideas from elementary group theory.

Definition 4.4. If T is a set, a permutation on T is a one-to-one mapping of T
onto itself. We denote ST as the set of all permutations on T . For any set T , ST
forms a group under composition called the symmetric group on T .
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We now apply the idea of permutations to certain polynomials over a field.

Definition 4.5. Let y1, .., yn be indeterminates over a field F i.e. elements of an
extension field F ′ over F . A polynomial f(y1, ..., yn) ∈ F [y1, ..., yn] is a symmet-
ric polynomial in y1, ..., yn if f(y1, ..., yn) is unchanged by any permutation σ of
{y1, ..., yn}, i.e. f(y1, ..., yn) = f(σ(y1), ..., σ(yn)).

We shall need the following Theorem (see [1] for a proof).

Theorem 4.2. Let p(x) ∈ F [x] and suppose p(x) has the roots α1, ..., αn in the
splitting field F ′. Suppose further that g(x) = g(x, α1, ..., αn) ∈ F ′[x]. If g(x) is a
symmetric polynomial in α1, ..., αn, then g(x) ∈ F [x].

Now we come to the crucial lemma.

Lemma 4.4. Every non-constant real polynomial has a complex root.

Proof. Let f(x) = a0 + a1x+ · · ·+ anx
n ∈ R[x] with n ≥ 1, an 6= 0. The proof is an

induction on the degree n of f(x).
Write n = 2mq where q is odd. We do the induction on m. If m = 0 then f(x)

has odd degree and the theorem is true from Lemma 4.1 we proved above. Assume
that the theorem is true for all degrees d = 2kq′ where k < m and q′ is odd. Now
consider that the degree of f(x) is n = 2mq.

Suppose F ′ is the splitting field for f(x) over R in which the roots are α1, ..., αn.
It exists from theorem 4.1. We will show that at least one of these roots must be in
C.

Let h ∈ Z and form the polynomial

H(x) =
∏
i<j

(x− (αi + αj + hαiαj))

This is in F ′[x]. In forming H(x) we chose pairs of roots {αi, αj}, so the number of
such pairs is the number of ways of choosing two elements out of n = 2mq elements.
This is given by

(2mq)(2mq − 1)

2
= 2m−1q(2mq − 1) = 2m−1q′

with q′ is odd. Therefore, the degree of H(x) is 2m−1q′.
H(x) is a symmetric polynomial in the roots α1, α2, ···, αn. From theorem 4.2 any

polynomial in the splitting field symmetric in these roots must be a real polynomial.
Therefore, H(x) ∈ R[x] with degree 2m−1q′. By the inductive hypothesis, H(x)

must have a complex root, which implies that there exists a pair {αi, αj} with

αi + αj + hαiαj ∈ C

Since h was an arbitrary integer, for any integer h1 there must exist such a pair
{αi, αj} with

αi + αj + h1αiαj ∈ C.
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Now let h1 vary over the integers. Since there are only finitely many such pairs
αi, αj, it follows that there must be at least two different integers h1, h2 with the
same pair {αi, αj} such that

z1 = αi + αj + h1αiαj ∈ C and z2 = αi + αj + h2αiαj ∈ C

Then z1 − z2 = (h1 − h2)αiαj ∈ C and since h1, h2 ∈ Z ⊂ C, it follows that
αiαj ∈ C. Then h1αiαj ∈ C, and αi + αj = z1 − h1αiαj ∈ C.

Then
p(x) = (x− αi)(x− αj) = x2 − (αi + αj)x+ αiαj ∈ C[x]

However, p(x) is then a degree-two complex polynomial, then by Lemma 4.2, its
roots are complex. Therefore, αi, αj ∈ C and then f(x) has a complex root.

Now we can easily prove the Fundamental Theorem of Algebra using the lemmas
above.

Proof. From lemma 4.4, every non-constant real polynomial has a complex root.
Then by lemma 4.3, every non-constant complex polynomial has a complex root.

5 Topological Way

We have now seen three different proofs of the Fundamental Theorem of Alge-
bra. Some are purely analysis, some involves algebraic idea. However, we should
realize that even in the algebraic proof we did not totally leave analysis, e.g. we use
the fact that odd-degree real polynomial have real roots (lemma 4.1). This result
is a consequence of the intermediate value theorem, which depends on continuity.
Continuity is a very important concept in mathematics, we formally learn it from
our mathematical analysis course in year 2. But actually it’s a topological property.
Though we do not have topology course, we learned a little bit about it from analysis
course, now we proceed to our final proof which involve topology.

First give the precise definition of winding number: given the curve

γ(t) = z0 + reit, 0 ≤ t ≤ 2nπ

Geometrically, this is a circle that winds n times around the point z0. Integrate
it then get

1

2πi

∫
γ

dz

z − z0
=

1

2πi

∫ 2nπ

0

ireit

reit
dt = n

The number n is called the winding number of curve γ around z0.
Now I will explain it intuitively. Consider the function g(z) = zn. Let Cr be

the circle z = reit, 0 ≤ t ≤ 2π, of radius r about the origin. On this circle then,
zn = rnenit. As t runs from 0 to 2π, z winds once around the circle. At the same
time, nt runs from 0 to 2nπ. and so zn winds n times around the circle of radius
rn. We say that the function zn has winding number n about the origin.

Now we generalize the idea of the winding number of function to give proof of the
fundamental theorem of algebra. If γ is a closed continuously differentiable curve
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and f : C→ C is a continuous function, then f(γ) is also a closed curve . We say f
winds the closed curve γ, n times around z0 if f(γ) has winding number n around
z0. Most important for us is that γ is a circle.

Now, if f(z) and g(z) are sufficiently closed on a circle Cr of radius r around the
origin, then both f(z) and g(z) will wind Cr the same number of times about the
origin, i.e. if |f(z)− g(z)| < ε for some small enough ε on a circle of radius r, then
f(Cr) and g(Cr) have the same winding number around the origin. We also call it
the fellow-traveler property, just imagine that two traveler tied together by a rope
and traverses f(Cr), g(Cr) respectively.

We now give the fourth proof of the fundamental theorem of algebra.

Theorem 5.1 (The Fundamental Theorem of Algebra). Any non-constant complex
polynomial has a complex root.

Proof. Suppose f(z) = anz
n + ... + a0 with a0 6= 0, n ≥ 1. WLOG, assume that

an = 1 s.t.
f(z) = zn + an−1z

n−1 + ...+ a0

If a0 = 0, then z = 0 is a root so we may assume that a0 6= 0. We know f(z) is a
continuous function C→ C. Further,

lim
z→∞

|zn|
|f(z)|

= 1,

and so for a sufficiently large circle Cr, zn and f(Z) will wind Cr the same number
of times around the origin.

Now for any r > 0, zn winds Cr around the origin n times. Therefore f(z) will
also wind a sufficiently large Cr n times around the origin.

However, for a small enough r0, easy to see f(z) ≈ a0 on Cr , so f(Cr0) makes
a small loop around a0 and will not wind origin at all, i.e. the winding number
of f(Cr) is zero. Since f(z) is continuous, f(Cr) will depend continuously on r.
Since f(Cr0) has winding number 0 for a small radius r and f(Cr2r2) winds n times
around the origin for larger r2, there must be intermediate radius r1 with f(Cr1)
passing through the origin. It then follows that there must be a point z1 on Cr with
f(z1) = 0. This proves the theorem.
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