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ABSTRACT 

As an important role in transportation networks, the slender cable-stayed bridges 

are inevitable to be subjected to stochastic excitation, which directly affects structural 

safety. Therefore, structural reliability analysis is great importance of structure design 

and safety evaluation in civil engineering. However, due to the structural complexity 

and highly nonlinear performance function, the traditional reliability analysis for cable-

stayed bridges is complicated and computationally intensive. To solve this problem, a 

machine learning-enhanced method of combining the back propagation (BP) neural 

network and subset simulation (SS) was developed in this report. Firstly, a 10-story 

shear building under seismic excitation was used to verify the proposed approach, which 

shows that the method has higher precision and can be applied to actual structure. Then, 

this thesis takes a cable-stayed bridge as the research object to conduct the wind-induced 

vibration reliability analysis. Consequently, the structural finite element model was 

established to calculate the wind-induced responses. To avoid complex calculation and 

reduce computational burden, the BP neural network was built as a surrogate model to 

predict the dynamic responses. Finally, the structural failure probability was estimated 

based on Monte Carlo simulation (MCS) and SS method, considering the uncertainty 

of elastic modulus, mass of main girder and wind speed. The results show that the BP 

neural network can achieve good prediction accuracy with the error of 0.29% to 

improve efficiency, and the machine learning-enhanced SS method has higher accuracy 

than MCS for the same number of samples.  
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CHAPTER 1 INTRODUCTION 

1.1 Background and research motivation 

As an important role in transportation networks, the slender cable-stayed bridges 

are inevitable to be subjected to stochastic excitation, which directly affects structural 

safety. Therefore, structural reliability analysis is great importance of structure design 

and safety evaluation in civil engineering. Generally, the structural parameters are 

regarded as fixed parameters in structural dynamic analysis. However, the uncertainty 

of engineering structures under random load is usually large and cannot be ignored. As 

a result, this structure often shows inherent uncertainty. For example, the system 

parameter values (mass, elastic modulus, damping, etc.) of the model are usually 

different in different positions. There are also uncertainties in the modeling of dynamic 

loads. Due to the structural characteristics and the inevitable uncertainty in the loading 

process, the traditional deterministic analysis is usually only close to the actual 

situation. The analysis should be extended to include random changes in the model 

without considering it to be fixed. When Monte Carlo simulation (MCS) and subset 

simulation (SS) are used for dynamic analysis of structures, different response samples 

will be obtained in different calculations to fully describe the response statistics. For the 

reliability analysis of structures under random excitation, this method artificially 

generates random samples with normal distribution, and then carries out a series of 

operations to evaluate the reliable failure probability. However, the number of sample 

sets required for reliability calculation is very large. In practical engineering 
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applications, the structures to be analyzed are relatively complex, and it takes a very 

long time to generate a sample set that meets the reliability requirements. Therefore, it 

is necessary to reduce the amount of calculation required for structural analysis in order 

to meet the requirements of reliability calculation in terms of time. Over the past 

decades, neural network as an effective tool of machine learning has been widely 

applied as a surrogate model which can be established through a small number of 

training samples. Therefore, in this study machine learning approach will be used to 

establish an effective surrogate model with small amount of calculation to replace the 

original time-consuming finite element model. On the basis of the surrogate model 

formulated with neural network, reliability analysis of a large-scale cable-stayed bridge 

subjected to stochastic wind excitation will be conducted by integrating subset 

simulation and the computation burden can be reduced significantly.  

1.2 Literature review 

The uncertain parameters, such as material properties, geometric parameters as 

well as the randomness in the excitation, are inherently associated with the practical 

engineering structures, leading to considerable fluctuations in the dynamic responses. 

In recent decades, extensive studies have been conducted to investigate the stochastic 

analysis of structural responses involving uncertainty. For example, Muscolino et al. 

(2002) investigated the statistical characteristics of the deflection for a beam excited by 

a moving oscillator with random mass, velocity and acceleration based on an improved 

perturbation approach. Kwon and Elnashai (2006) focused on the effects of material 

variability and ground motion uncertainty on the seismic vulnerability curves of RC 
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buildings. Jalayer et al. (2010) characterized, quantified and updated the uncertain 

modeling parameters of material properties and the structural detailing specific in RC 

buildings. Wu et al. (2012) addressed the statistical prediction of structural dynamic 

responses of a bridge with inherent uncertainty subjected to stochastic moving loads. 

Xia et al. (2013) presented Gaussian process regression as an efficient approach to 

characterize structural responses under uncertainty. Besides, modeling uncertainty is 

another important contributor to the robustness of structural response predictions 

(Gokkaya et al. 2016). Celarec et al. (2012) applied simplified nonlinear method for the 

seismic performance assessment to investigate the sensitivity of the seismic response 

parameters to the uncertain modelling variables. Dolšek (2012) and Asgarian et al. 

(2016) proposed different types of modelling methods for describing the distribution of 

the structural uncertainty. Jiang and Ye (2020) systematically investigated various 

uncertainties in seismic analysis of cold-formed steel structures for seismic risk 

assessment and making risk-based decisions. 

On the other hand, the randomness of input variables can influence structural 

function under stated conditions (Jian et al. 2017). Therefore, structural reliability 

analysis has been developed substantially to estimate failure probability of civil 

engineering structures with kinds of randomness. Several kinds of methods have been 

constructed to approximately calculate the failure probability, including Monte Carlo 

Simulation (MCS) technique (Au and Beck, 2001; Zhang et al. 2013; Xiao et al. 2020), 

the first and second order reliability method (FORM and SORM) (Kiureghian and Lin, 

1987; Hohenbichler and Rackwitz, 1988; Rackwitz, 2001; Meng et al. 2017; Keshtegar 
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and Zhu, 2019), the mean value method (Melchers and Ahammed, 2014), saddle point 

approximation method (Du and Sudjianto, 2004; Huang and Du, 2008). In particular, 

the MC method can be applied to easily implement in many practical problems with 

any type of probability distribution for the random variables and compute the 

probability of failure with the desired precision (Cardoso et al. 2008). However, the use 

of this method is limited because it requires a great number of structural analyses for 

each sample of the set of random variables, leading to the prohibitively high 

computation time, especially for the non-linear or complex structure. To eliminate this 

drawback, some surrogate model-based methods have been developed to reduce this 

computational burden, such as polynomial response surface (Gaspar et al. 2014; Rashki 

et al. 2019), Kriging interpolation models (Jian et al. 2017; Drignei, 2017; Wang and 

Shafieezadeh, 2019), support vector machines (Tao et al. 2018; Ghosh et al. 2018). 

Different from other surrogate models, neural networks have some enormous advantage 

of strong ability of nonlinear fitting, feature extraction and highly flexible structure form, 

exhibiting great engineering application potential. In that respect, neural network 

approaches have been used for structural reliability analyses (Papadrakakis et al. 1996; 

Gomes and Awruch, 2004; Vazirizade et al. 2017; Kiani et al. 2019; Thaler et al. 2021). 

The recent state-of-the-art reviews of Neural-network-based reliability analysis has 

been comprehensively presented (Hurtado and Alvarez, 2001; Chojaczyk et al. 2015) 
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1.3 Objective and methodology 

The scope of this final year's project is to calculate the structural dynamic 

response and complete the reliability analysis for a cable-stayed bridge under stochastic 

excitation. To this end, the following objectives are expected to be achieved: 

1. Fully understand the basic knowledge of structural dynamics, use MATLAB software 

to calculate the dynamic response of shear buildings under seismic excitation, and use 

ANSYS to calculate the dynamic response of cable-stayed bridges subjected to the wind 

load. 

2. Considering the uncertainty of elastic modulus, mass of main girder and wind speed, 

different numerical samples of response data are obtained in different calculations to 

comprehensively analyze the response of the structure under random excitation.  

3. To improve the computational efficiency, the back propagation (BP) neural network 

is introduced to established the surrogate model for predicting the responses. Then, 

based on the machine learning-based subset simulation and MCS, the failure probability 

of the cable-stayed bridge subjected to the wind excitation is estimated. 

1.4 Outline 

The report is organized as following: 

In Chapter 2, the basic concepts of structural dynamics are introduced in detail, 

and the dynamic calculation methods of single degree of freedom system and multi 

degree of freedom system are given. Then, the simulation of structural time-domain 

response induced by random excitation using MATLAB and ANSYS is described. 
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In Chapter 3, the theoretical foundation of machine learning-enhanced reliability 

analysis is introduced, including the MCS and SS methods. In addition, the process of 

establishing a BP neural network as a surrogate model for predicting the responses is 

also given to reduce the time-consuming calculation.  

In Chapter 4, the 10-story shear building is used as the theoretical verification. 

Considering the uncertainty of mass, stiffness and spectral density of random input, the 

response of the structure is studied. Through MCS and SS simulation, the failure 

probability of the structure under earthquake is estimated respectively. 

In Chapter 5, taking the cable-stayed bridge as an example, the dynamic 

characteristics of the structure is analyzed and the parametric analysis of structural 

response is conducted considering the uncertainty of mass, elastic modulus and average 

wind speed. Finally, the failure probability of the cable-stayed bridge under wind 

excitation is estimated by MCS and SS simulation respectively. Because the calculation 

amount of cable-stayed bridge model is very large, the surrogate model with very small 

calculation amount is established by BP neural network to replace the original ANSYS 

model. 
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CHAPTER 2 THEORETICAL BASIS OF STRUCTURAL 

VIBRATION 

In order to develop the research of structural dynamic response and reliability 

analysis under random load, we must first fully understand the basic knowledge of 

structural dynamics. This chapter systematically introduces the basic concepts, matrices 

and formulas of single degree of freedom system and multi degree of freedom system. 

Then, the response of structural system is calculated by MATLAB and ANSYS 

respectively. 

2.1 Single-degree-of-freedom (SDOF) system 

As a fundamental knowledge in structural dynamics, it is importance of 

understanding the behaviors of single degree of freedom systems to have a 

comprehensive understanding those of multiple-degree-of-freedom systems (MDOF). 

The SDOF system can be defined as an independent unrestrained motion direction of a 

node, in which the motion may be either translation or rotation. Therefore, one 

parameter is enough to determine the state of SDOF system. Obviously, although most 

of the civil engineering structures become complex which is difficult to define by SDOF 

system for accurately reflecting the actual situation, the SDOF system is still very 

important. On the one hand, the SDOF system includes all the physical quantities and 

basic concepts involved in the structural dynamic analysis. On the other hand, many 

practical problems can be directly analyzed and calculated based on the SDOF system. 

Sometimes, the MDOF system can be simplified to the SDOF system for the sake of 
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clarity to analyze and discuss. Therefore, the basic concepts of the structural dynamics 

are given using a typical model for SDOF system, namely, spring-damper-mass system, 

as shown in Figure. 2.1. 

 

Figure 2.1 A SDOF with spring-damper-mass system 

 

As shown in Figure 2.1, the SDOF system consists of a mass connected to a wall 

by a spring and a damper, and is subjected to a time-dependent dynamic loading in the 

direction along with the spring’s elongation. The spring can contribute the mass to the 

oscillating movement, while the damper can be accounted for the energy dissipation 

when the mass is moving. According to Newton’s laws, mass motion of this system can 

be expressed by a mathematical formula. External excitation force, elastic resisting 

force and damping force can be expressed by the equation, 

 

where, F is the inertial force, which is equal to the product of mass and acceleration 

according to d'Alembert's principle;  is the elastic force, which is equal to the product 

of spring stiffness and displacement;   is the damping force, which is equal to the 



9

product of the damping constant and the velocity when the damping is assumed to be 

the viscous damping.  

Assuming that the external excitation of structure is transformed into the form 

of force,  can be expressed in  by Newton’s second law as below: 

 

where the   is the displacement of the structure;   is the velocity;   is the 

acceleration;  is the ground motions for seismic excitation.  is the mass;  is the 

spring constant and  is the damping coefficient. 

Dividing both sides of the Eq. (2.2) by the mass, one can get 

 

Since the damping ratio can be expressed as  and the natural frequency 

can be expressed as  , the Eq. (2.3) can be further expressed as

 

The content mentioned above is the basic concepts and formulas of SDOF 

system. In order to calculate the actual structures with higher dimensions, the MDOF 

system will be described in details as following. 

2.2 Multiple degree of freedom (MDOF) system  

It is well accepted that SDOF does not exist in strict and it is a kind of calculation 

model which is simplified for actual situation. However, most of the structures can’t be 

simplified to SDOF system. In order to accurate determine the response to simulate a 

real scenario, the MDOF system is necessary to be introduced, which requires two or 

more independent coordinates to determine the geometric position. As shown in Figure 



10

2.2, a n-story shear building structure is employed to take an example. Assume the mass 

is distribute at the roof of each floor and the horizontal beam is rigid, while the shear 

walls jointing each story are not rigid. When the external excitation is acting at the 

structure, the deflections will occur on the shear walls and floors vibrating relatively to 

each other.  

 

Figure 2.2 A n-story shear building with stiffness k and damping C. 

2.2.1 Equation of motion 

Different from the SDOF system, the mass, stiffness and damping in the 

equation of motion for the MDOF system become a matrix form of . As a result, 

the equation of motion can be expressed as  

 

where the  is the matrix of mass,  is the mass of damping,  is the mass of stiffness, 

  is the displacement vector,   is the velocity,   is acceleration, and   is the 
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dynamic loading vector. The formation of the matrices of mass, damping and stiffness 

for the n-story shear building will be derived in the next sections. 

2.2.2 Formation of stiffness matrix  

Since the n-story shear building structure is assumed that the horizontal beam is 

rigid, the resistance to girder displacement is only provided by the columns of each story. 

Therefore, every degree of freedom has own stiffness element. If the behavior of the 

structure is linear, the unit stiffness of each point can be obtained by superimposing the 

stiffness elements of two adjacent layers. Finally, the global stiffness matrix can be 

given: 

 

where the  is the unit stiffness at nth story. 

2.2.3 Formation of mass matrix  

Assume that the horizontal beam includes all the structural moving mass. The 

vertical columns are assumed to be weightless. Therefore, one can determine the 

properties of the structure by concentrating the mass of the structure on to the point of 

DOF, named Direct mass lumping (DML). The matrix is named diagonally lumped 

mass matrix (DLMM). There are as many terms as there are DOF. The advantage of 

DLM is to reduce the workload of the calculation and to simplify the process of finding 

the result of the calculation model. Finally, the global mass matrix can be given by 
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where the  is the mass of nth story. 

2.2.4 Rayleigh damping model  

The free vibration will continue forever if the structural system consists only of 

ideal springs and mass, and no other factors are present. In fact, there is no such 

vibration because in the absence of continuous external force, the vibration trend to 

static after a period in any case. This means that any real structure must have energy 

consumption in the process of free vibration. The effect that causes the dissipation of 

structural energy and reduces the amplitude of the structure is called the resistance, also 

known as the damping force. The damper provides a resistance to the motion in this 

coordinate. The corresponding damping matrix can be expressed as the unit damping 

corresponding to each degree of freedom. The formation of damping is similar to that 

of the stiffness matrix and it can be given by 

 

where the  is the unit damping of nth story. 

In particular, the proportional damping matrices are usually used in the civil 

engineering, the simple one of which is the Rayleigh damping. Therefore, the Rayleigh 

damping is employed in this report to formulate the proportional damping matrices. It 
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is assumed that the Rayleigh damping is be proportional to the combination of mass and 

stiffness matrices with a proportionality constant. It can be given by 

 

where both  and  are the proportionality constants with the unit of  and s, and 

they represent the mass proportional damping and stiffness proportional damping. It is 

evident that Rayleigh damping will lead to the following relation between damping ratio 

and frequency (Clough and Penzien, 2015) 

 

The relationships between damping ratio and frequency expressed by Eq. (2.10) 

can be illustrated graphically in Figure. 2.3. 

 

Figure 2.3 The Rayleigh damping 

Clearly, the two coefficients of the damping constant  and , which can be 

obtained by solving the simultaneous equations if both damping ratios (  and ) and 

the natural frequencies (  and ) are already known. The equation can be express in 

matrix form by 
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The coefficient can be obtained by the simultaneous solution: 

 

Since it is hard to get the detail information between the damping ratio and 

frequency, it is common to assume that the damping ratio is the same value for both 

damping ratios ( ). Then, the Eq. (2.12) will be simplified as  

 

It should be noted that the damping ratio is usually set at 0.02 ( )for 

steel structures. Although the frequency domain of the structural modes is composed by 

multiple frequencies, the frequencies of the first and second modes (  and ) are 

selected in the calculation as the first few modes generally play a leading role in the 

motion. So far, the coefficients of   and   can be obtained by

 

 Once the stiffness and mass matrices are defined, the damping matrix of the 

structure will be calculated by the Eq. (2.9) 

2.2.5 Modal analysis of free vibration 

Modal analysis is generally used to study the dynamic characteristics of 

structures in the field of engineering vibration. The modal refers to the inherent 

vibration characteristics of the structure and each mode has a specific modal frequency, 

damping ratio and modal shape. 
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(1) Modal frequency 

The equation of motion of a freely vibrating undamped system can be obtained 

by omitting the damping matrix and applying zero vector to loads vector from Eq. (2.5): 

 

For the problem of vibration analysis, the equilibrium condition expressed by 

Eq. (2.22) should be satisfied. Assume the free vibration motion is simple harmonic at 

an MDOF system, the motion can be expressed as   

                       

where   represents the shape of the system, and   is the phase angle. The 

accelerations of the free vibration can be obtained by second derivative of Eq. (2.16): 

 

Substituting the Eq. (2.17) and (2.16) into (2.15) gives 

 

Since the sine terms of Eq. (2.25) are arbitrary, Eq. (2.25) can be further 

simplified as 

 

Eq. (2.19) is one expressing way of a characteristic value problem (Clough).  

are the characteristic values representing the square of the free vibration frequencies, 

while the corresponding vectors   indicate the corresponding modal shapes. The 

condition of the nontrivial solution of Eq. (2.19) as 
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With the expansion of the determinant, the n roots ( , ) of n degrees of 

freedom can be obtained, representing the frequencies in the system. The lowest 

frequency is corresponding to the first mode, and the next higher frequency is 

corresponding to the second mode. It should be noted that the solutions ( , ) 

is related to the imported stiffness and mass matrix. 

(2) Modal shape 

After the determination of the frequencies of vibration system mentioned in Eq. 

(2.27), the equation of motion can then be expressed as the following: 

 

where  

 

  is the matrix which relates to each frequency. According to the 

characteristic equations is homogeneous, the amplitude is indeterminate. Assuming that 

the first element of the displacement vector is a unit amplitude, the remaining 

displacements of each degree of freedom can be determined as 

 

The Eq. (2.21) can be written as 

 

which can be expressed as 
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Expanding form Eq. (2.25) gives 

 

 

The amplitudes can be obtained by solving those equations as 

 

It should be known that it is not appropriate if the first element of the 

displacement vector is always assumed to a unit amplitude. When the large 

displacement vector has been taken as unit amplitude, the numerical accuracy of the 

amplitude scale may be improved. In addition, those processes can also be applied in 

any case as long as the order of rows and columns of   are rearranged suitably. 

Therefore, the vector of all displacement amplitudes has been divided by reference 

component, the largest one, into dimensionless form the expression in convenience. The 

nth modal shape  is the vector resulting from the above process. 

 

where the reference component is  which have been taken to be the first component 

here. 

According to the above process, one can get all of the modal shapes of each N 

modes, which can be represented as the square matrix  



18

 

2.3 Calculate the response of the structure with MATLAB software 

Based on the basic theory of structural vibration mentioned above, the dynamic 

response of the structure can be calculated by the determined conditions. MATLAB is 

a powerful program, which has a large package of function sets for calculating the 

complex simulation process. In this study, MATLAB® has been used to carry out the 

work of calculation and graph plotting. For analysis the time domain responses, it can 

be conducted in MATLAB with function ‘lsim’. Before implementing this function, a 

state space equation must be constructed by 

 

where , is the state vector,  is the state matrix,  is input matrix,  is output matrix, 

 is direct transmission matrix,  is input vector and  is output vector.  

In order to obtain the spatial equation of state, the spatial equation of state can 

be obtained by rewriting the momentum formula (Eq. 2.8). The specific process is as 

follows. Multiplying both sides by  of Eq. (2.8) get 

 

For determining the response, the equation should be converted to a system of 

two first-order differential equation. The Eq. (2.32) becomes 

 



19

Eq. (2.47) can be expressed as 

 

Let  

 

 

 

Figure 2.4 The relationship of dynamic system 

When the state space model has been established, the MATLAB is used to 

simulate the response of structure using the function ‘lsim’. The flow chart of the 

approach is shown in Figure 2.4 and helps to illustrate the procedure. 

2.4 Calculate the time-domain response of the structure with ANSYS software 

ANSYS is a very powerful structural analysis software. The software mainly 

includes three parts: pre-processing module, analysis and calculation module and post-

processing module. The pre-processing module provides a powerful solid modeling and 

meshing tool and more than 100 element types to simulate various structures and 

materials in engineering, and can easily construct finite element models; The analysis 

and calculation module can carry out detailed structural static and dynamic analysis, 

and simulate the interaction of various physical media; The post-processing module can 

display the calculation results in various ways, including output data table, image and 

animation. 

ANSYS analysis of time domain response mainly includes the following steps: 
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Figure 2.5 ANSYS calculation response flow 

1. Establish finite element model (pre-processing module): 

Firstly establish the finite element model with the command flow: establish the 

model, then define the element type, define the material properties, and then divide the 

mesh. 

2. Input load and solve (analysis and calculation module): 

After the static load is applied to the finite element model, use the command 

flow to enter "antype, 0" to select the static analysis, and then enter "solve" to conduct 

the static analysis. 

For the dynamic analysis of the structure, different loads can be applied in 

different load steps according to the load history (time and space), which is generally 

used more in time. For the use of time, a long period of time can be divided into each 

small period of time as the load history of the load step, and then in each load step, the 

load received by each node or element at the corresponding time is input and solved, 

and then the next load step is solved, which is a cycle. In order to make the calculation 

results more accurate, in the process of dynamic analysis, the command flow "upcoord, 

•

•

•
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factor, key" can be used to select. In each step of finite element solution, ANSYS will 

recalculate the stiffness matrix of the structure and then solve it. 

The load input is shown below: 

3. Output result (post-processing module): 

In the post-processing module, use the command flow to output the required 

analysis results, including displacement, stress, axial force and so on.  

*do,i,1,time 

Select load step method, time step and number of sub steps 

*do,j,1, number of nodes to be loaded 

  Input the load applied at the corresponding time of each node 

 *enddo 

solve 

*enddo 
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CHAPTER 3 THEORETICAL FOUNDATION OF MACHINE 

LEARNING-ENHANCED RELIABILITY ANSLYSIS 

The research on reliability analysis is one of important issues for structural 

design and safety assessment in civil engineering structures. In this Chapter, the 

structural reliability analysis will be investigated based on MC simulation to obtain a 

feasible benchmark result, taking the peak story drift ratio as the seismic performance 

indicator. To enhance the computational efficiency, the back propagation (BP) neural 

network will be built as a surrogate model to avoid the complicated and time-consuming 

calculations. 

3.1 Fundamentals of reliability analysis 

In the design theory of structural reliability, the limit state and limit state 

equation are the key parts of the reliability analysis. The limit state is the exactly special 

stage when the whole structure or part arrives or exceeds a certain state. It can be 

considered that the structure cannot arrive at the specific functional requirement 

proposed by design, such as the crack width, deformation, displacement, bearing 

capacity, slip, overturning, instability, etc. When the function parameter of the structure 

exceeds a certain limit, which can be defined as the limit state for this function to 

essentially the boundary between the reliability and failure probability. (Cardoso et al. 

2008) 

These kinds of factors, such as the stiffness, mass, damping, excitation and other 

parameter of structure or material, are all randomness and called basic variables, the 
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variable that completes the specified performance can be expressed by the performance 

function which is including the basic variable specified in the  as the equation shows 

below  

 

where the g(X) is the performance function which can reflect the overall state of the 

structure, determined by the specified performance object, such as crack width, 

deformation displacement, bearing capacity and so on. When the whole structure is in 

a safety limit state and trends to structure failure state, the limit state is taken as the 

criterion of the structural stability. Therefore, the equation Eq.4.1 can be expressed by 

below when the structure is in safety limit state.   

 

Let S represent the external effect of structure, which can be described by 

random variables. It represents the internal force and deformation generated by 

structural components, for example the internal forces, rotation angles, deformation and 

so on; let R represent the resistance effect of structure, which refers to the ability cable 

of the structural components, for example the geometrical size, stiffness, crack 

resistance and bearing capacity, etc. The resistance effect also can be described by 

random variables. The limit state function can be expressed as below if there is only 

two kind of basic variable of external effect S and resistance R. 

 

Figure 3.1 clearly shows that the state of structure when the performance 

function consists of only two basic variables. (Cardoso et al. 2008) 
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Figure 3.1 The state of structure 

As is shown in the Figure 3.1, it could be found that the criterion for determining 

the state of the structure is the limit function Z; When Z=R-S>0, the structure is in a 

stability state; When Z=R-S<0, the structure is in a failure state; When Z=R-S=0, the 

structure is in the limit state, which is on the edge of effectiveness and failure as the 

diagonal line has been shown in the figure. 

Usually, the structural reliability of engineering is calculated by extreme 

conditions, which is called failure probability. It involves the solution of an advanced 

integral during the failure domain, and the integral is defined by the limit state function 

as the equation shown in Eq. (3.4).  

1
0

f X n
g X

P f x dx dxnf x dx dxX nX 1                     (3.4) 

However, it is a very difficult and complex calculation even with a simple 

principle. In general, the integral cannot be directly solved. The Monte Carlo method 
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has proven useful in providing reliable response statistics. It is a promising strategy to 

deals with this integral by performing a series of computer experiments based on 

artificially generated distributed random inputs. 

3.2 Fundamental of Monte Carlo simulation 

3.2.1 Reliability analysis using MCS

First of all, it is necessary to build a simply and clearly to implement the 

mathematical probability statistical model based on solving the problem, and the 

solution obtained should also reflect the probability distribution or expectation of the 

established model. At the same time, it should be considered the random distribution of 

the model, it is necessary to ensure that the values of other parameters in the model are 

consistent. 

Secondly, it is necessary to ensure the method of sampling random variables, 

including the method of establishing pseudo-random numbers or the corresponding 

distribution of different situations, the method of generating random sample, and the 

method of sampling individuals with known distribution according to the distribution 

of each random variable in the model. In this study, MCS is process the random numbers 

by the computer program MATLAB which have the function package ‘randn’, when 

solving the reliability of MCS, MATALB is mostly used to generate the required random 

numbers. Based on the existing statistical results, random variables satisfying the 

probability distribution are generated. 

Specific steps are listed as follows: 
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1. Ensure the sampling numbers (N) and the dimension of the 

random variables (n). The limit-state function  should be 

defined. 

2. Define the distribution probability of the random variable n 

3. Realize reliability analysis using MCS with the following 

algorithm:  

 

3.2.2 Statistical characteristics of the MCS method 

Since the random coefficient of the input is independently distributed, the 

response of the output is also independently distributed, and the expected value can be 

expressed as  

 

The variance of the estimated target can be expressed as 

 

 

For i=1 to N do 

For j=1 to n do 

Sample  

End for 

 

End for 
 

Return  
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The coefficient of variation of the estimator can be expressed as  

 

3.2.3 The computation step of Monte Carlo Simulation 

To illustrate its robustness and accuracy, one example of a linear performance 

function is given. Assuming that there are only two basic variables: the external effect 

S and resistance effect R, are known in the performance function. When the relationship 

between the two basic variables is linear, the effect S is normally distributed, where the 

mean value is  and the standard deviation is . The resistance effect R is normally 

distributed, where the mean value is   and the standard deviation is  . It can be 

computed mathematically as follows. 

 

It is assumed that R~N(6,1) is the resistance force and S~N(2,1) is the external 

force. These two basic variables are linear limit-state functions subject to a normal 

distribution, and the failure rate of the structure can be calculated analytically: 

 

 

 

Therefore, g~N(4,2) is the result of subtracting two normal distributions 

 

Based on the MCS simulation of 1 million times, the result can be obtained as 

0.002344. The figures 3.2 shows the MCS results and the results calculated of the 
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structural reliability with the cumulative distribution function (CDF), which can 

completely describe the probability distribution of a random variable, referring to the 

probability that the random number  is less than or equal to a certain value. It can be 

found from the Fig. 3.2 that the two curves are almost identical. In other word, the result 

calculated using the MCS method can be used as a feasible benchmark result as long as 

the MCS simulation data is large enough. 

 

 

Figure 3.2 The cumulative distribution function by MCS and reliability theory 

The Figure 3.2 shows the cumulative distribution function which is based on the 

result of MCS method. It can be found that the failure probability changes over the 

performance function. The figure can be used as an indicator to compare with other 

method. 

3.3 Subset simulation 

Subset simulation provides a powerful tool for small failure probability 

evaluation and optimization design in the field of engineering design. It was originally 

developed from the concept of conditional probability proposed by Au and Beck (2001) 
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and Markov chain Monte Carlo (MCMC) technology. It is an effective variance 

reduction Monte Carlo technology in reliability analysis. (Li & Cao 2016) 

3.3.1 Reliability analysis using Subset Simulation 

For reliability analysis, first, Subset Simulation starts with DMC. The 

probability P1 associated with the first intermediate event F1 is estimated as  

 

where N is the number of samples in the first simulation level, {xi} are independent and 

identically distributed (i.i.d.) samples generated according to the probability density 

function (PDF) f(x) and IFi( ) is the indictor function  

 

In Eq. (3.13), however, b1 is unknown, and the first intermediate event F1 is alos 

unknown.  If a fixed value p0 is set to P1, one can employ Eq. (3.12) to determine the 

value of b1 and the first intermediate event F1. After generating {xi}, calculate the 

system response function {g(xi)} for all i, and sort them in an ascending order such that 

g(x1) ≤ g(x2) ≤  ≤ g(xN). Let b1 be the sample P1 quantile of the system response, i.e., 

b1=g(x[P1N]). Herein, the symbol [ ] in the subscript denotes to round the argument. In 

this way, samples x1, x2, ..., x[P1N] belong to the first intermediate event F1, and they 

automatically satisfy Eq. (3.12).  

The subsequent conditional probabilities Pj = P(Fj|Fj-1) require the samples 

conditioning on Fj-1 with implicit conditional PDF  
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One may generate conditional samples based on (3.14). However, the 

acceptance probability of the sample is directly proportional to the reciprocal of P(Fj-1), 

so this method is usually inefficient. It means that it would reject about 1/P(Fj-1) samples 

before obtaining one proper conditional samples on average. It is still a DMC estimator 

for P(Fj|Fj-1), being consistent with the estimator in Eq. (3.12). Given that one already 

have [NPj-1] samples belonging to Fj-1, a simulation procedure based on MCMC can be 

employed to obtain the required conditional samples {xi} and then the estimator for 

P(Fj|Fj-1)  

 

where xi~f(x|Fj-1), i=1,...,N are generated by a modified Metropolis-Hasting type 

MCMC (Au and Beck 2001), which has been proved that its stationary distribution is 

equal to the desired conditional distribution. After generating new N−[NPj-1] conditional 

samples in Fj-1 and combining the previously selected [NPj-1] samples, we can compute 

the system response function {g(xi)} for all i, and sort them in an ascending order. Let 

bj be the sample Pj-quantile of N system responses in Fj-1, i.e., bj=g(x[PjN]). In this way 

{x1, x2, …, x[PjN]} belong to the next intermediate event Fj, and are guaranteed to satisfy 

Eq. (3.15) for some fixed Pj. 

Repeat the above procedure until the sample Pj-quantile of N system responses 

in Fj-1 is less than b, i.e., bj=g(x[PjN]) < b. Then, by this point, the target failure domain 

Fm is already arrived by the algorithm, i.e., j = m and bm = b. The estimator for the last 

conditional probability P(Fm|Fm-1) is obtained as  
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Combining Eq. (3.12), (3.15), and (3.16), the failure probability of the target 

event is expressed as  

 

In practical engineering applications of Subset Simulation, a typical value of Pj, 

j=1, ..., m−1 is some fixed p0  0.1 ~ 0.3 (Zuev et al. 2012).  
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3.3.2 The calculation step of Subset Simulation

The algorithmic flowchart of subset simulation is shown as follows:  

3.4 Reliability analysis using machine learning-based surrogate model 

Since the calculation of reliability requires a large number of samples for 

analysis, and each sample generated through ANSYS analysis takes more than 30 

minutes, ANSYS can only generate less than 1500 samples a month. At this speed, such 

j=1 

for i=1:N 

 random generation xi 

 calculate response function value g(xi) 

end 

sort xi(i=1,…,N)according to g(xi)(i=1,…,N) 

The first Np0 sample of threshold bi is obtained from the incremental sequence 

J=2 

While(g(x[Np0])>0) 

 l=[1/p0] 

 for i=1:Np0 

  for k=1 to l 

   Use MMH algorithm to obtain new condition samples 

  End 

 End 

 Sort xi(i=1,…,N) according to g(xi) (i=1,…,N) 

The first Np0 sample is obtained from the rising sequence belonging to Fj 

and threshold bj 

 Threshold value bj 

 J=j+1 

end 
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a number of samples is far from enough for the calculation of reliability through MCS 

and SS. In order to provide enough samples for the reliability calculation of MCS and 

SS, we can use the simplified model with small amount of calculation and fast solution 

to replace the original model and accelerate the optimization process. 

BP neural network can achieve this goal well: training a small number of 

samples generated by ANSYS with neural network can generate a simplified model with 

very little calculation to replace the original model. The calculation result of the 

surrogate model is very close to the original ANSYS model, but the calculation amount 

is much smaller than the original model, so it can easily generate a large number of 

samples for reliability analysis. 

3.4.1 Theories of BP Neural network as a surrogate mode 

Generally, the structure of BP networks has been divided by three different 

layers that are input layer, hidden layer and the output layer, as shown in the figure 4.4. 

The node in each layer is connected to every node of an adjacent layer. The research has 

proved that one hidden layer of the neural network can simulate any solution of the 

interest event by Hecht-Nielsen (Hecht-Nielsen, 1989). According to the situation of 

problem of the complexity level, the number of hidden layouts will change.  

Actually, the BP neural network is a method of monitor learning, which employs 

mean square error or gradient descent method to correct the weight of the neural 

network, in order to minimum the error sum of the squares. Finally, the solving result 

will close with the target. 



34

As showed in the figure 3.3, each of the layers  (  = 1, …, ) is integrated by 

each neuron, which has been connected by all feedforward neural networks and then 

connected with all neurons at the next layers. Therefore, the neurons in the current layer 

are received the input signal ( ) from the before layer, the input has been related with 

weight matrix ( ) and bias vector ( ). The function ( ( )) is related with weight 

input ( ) which can be expressed as 

 

The BP neural network algorithm includes two parts of processes: feedforward 

propagation of working information and back propagation of error signals. In the 

process of feedforward propagation, the input signal of the neuron is transmitted from 

the input layer to the output layer through the hidden layer, and the output signal is 

released at the output end. In the process of information forward transmission, the 

weight remains unchanged, and each layer of neurons only has an impact on the next 

layer of neurons. If the output layer gets the desired output, the training will end; If there 

is an error between the actual output of the network and the expected value, the error 

variance of the output layer is calculated, and then the error signal backpropagation 

stage is transferred. 

Error back propagation (the difference between network actual output values 

and the desired output) connects path according to reversing the original transmission, 

through the gradient descent method to adjust the weights  of each neuron, decrease 

error chosen function Eq. (3.2) along the negative gradient direction, through 
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continuous correction, minimize the error between the expected value of the output 

value and eventually to the expected requirements. 

 

where  is the learning rate, which controls the size of each step adjustment. Therefore, 

learning speed affects time until convergence. However, if it is too large, it may lead to 

suboptimal or divergent solutions. Learning rates can be updated during training and 

calculated separately for each item. The activation function  must be selected based on 

the network type and the problem at hand. This choice will affect the training speed and 

the performance of the neural network. The calculation method of layer weight update 

using mean square error and gradient descent backpropagation is given as follows: 

 

 

The activation function is 

 

where the bias ( ) also has been adjusted as the adjustment of weight remain. 

Therefore, the training steps of the BP neural network are as follows: 

1. Provide the initial learning sample set {  }(t=1, 2, …, S), and 

determine the initial weight of the human matrix , (k=1, 2, …, m). 

2. Use the learning sample  to figure out . 

3. Use Eq. 3.22 to calculate the partial derivatives in reverse. 

4. Use Eq.3.19 to adjust the weight in reverse. 
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5. Repeat steps 2-4 until the number of training S is completed. 

 

Figure 3.3 Neural network flow chart 

3.4.2 Flowchart of machine learning-enhanced  

The calculation process of BP neural network is shown in the Figure 3.3: first 

determine the number of neurons in the middle layer of the neural network, and then 

input the sample parameters for training. The neurons in the middle-hidden layer 

calculate the input data and output the calculation results. The neural network will 

iterate this process to make the calculation result output by the neural network close to 

the calculation result of the original sample as much as possible. 
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CHAPTER 4 RELIABILITY ANALYSIS OF A 10-STORY SHEAR 

BUILDING 

In this chapter, a relatively simple 10-story shear building is taken as an example 

to verify the theory in Chapter 2 and Chapter 3. Firstly, the finite element model is 

established using ANSYS and the modal analysis of the structure is carried out. Then 

the reliability analysis is carried out with MCS and SS methods respectively. Using BP 

neural network as the surrogate model, the results of reliability calculation using BP 

neural network as the surrogate model is discussed. 

4.1 Theory of seismic excitation 

External excitation force is one of the necessary conditions to get dynamic 

response of the structure. It is well-known that the seismic excitation is one of important 

engineering dynamic actions, which always lead to large degree of variations and should 

be modelled as stochastic processes. In this regard, the Gaussian non-white noise 

processes are chosen to simulate the ground motions. In this process, the filtering 

approach is demonstrated to generate a random process whose frequency content is 

modeled by the Clough-Penzien spectrum (Wang, 2010): 

 

where  is the constant spectral density of the input white noise process, . The 

power spectral density function can be rewritten into the Laplace transform formation:  
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where . It can be further simplified into 

 

Factorizing the variable of  and  as 

 

 

 

The filtering approach is applied to get function y(t) of the ground motions from 

the processed white noise, as shown in Figures 4.1~4.3.  

 
Figure 4.1 The white noise process W(t) goes through two filters and get y(t) 

 

Figure 4.2 Dividing the transfer function H1(s) into two stages 

 

Figure 4.3 Dividing the transfer function H2(s) into two stages 
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where H1s and H2s are the two filtering approaches which need the least phases of 

transformation function. 

Based on filtering approach by the two functions ,  shown in Figure. 

4.1, the ground motions y(t) can be transformed from the white noise process with 

spectral intensity of . As shown in the Figure. 4.2, the first transformation function 

H1(S) can be divided into two parts, and be expressed by 

 

 

Similarly, the second transformation function H2(S) can also be separated into 

two sections and be expressed by 

 

 

To establish y(t) from white noise process by filtering approach, the state space 

model can be derived through the above functions:  

 

 

The matrix A is a 4x4 matrix which can be expressed by 

 

The dimension of input matrix [B] is 4x1 as below 
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The dimension of observation matrix [C] is 1x4 as below: 

 

 The equation (Eq. 2.31 – 2.35) is the basic modeling of the state space function. 

It can be solved to obtain the result of the seismic excitation using the function ‘lsim’ 

in MATLAB, which was described in the section 2.2.4(2). 

 

4.2 Description of the structure and modelling  

(1) The Figure 4.4 shows the model of the 10-story shear wall structure: 

 

 

Figure 4.4 Story building model 

The Table 4.1 shows some parameters of the building model: 
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Table 4.1 Model parameters 

 1(Column) 2(Slab) 

Element beam3 beam3 

Modulus of elasticity E(N/m^2) 1.07E+13 10E+13 

Poisson's ratio gxy 0.3 0.3 

Density (kg/m^3) 0 1000 

sectional area A(m^2) 1 8.3333 

Moment of inertia I 0.0005 1000 

Section height 1 1 

Shear deformation coefficient 0 0 

Initial strain 0 0 

Added mass 0 0 

(2) Modal analysis  

Through modal analysis, we can get the modal frequencies corresponding to the 

vibration modes of different orders of the building structure. The vibration modes and 

corresponding frequencies of the first four orders of the model are listed on Figure 

4.5~4.8 and Table 4.2: 

Table 4.2 Modal frequencies 

 Frequency (Hz) 

Mode 1 3.3584 

Mode 2 10.001 

Mode 3 16.441 

Mode 4 22.503 
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Figure 4.5 First order mode 

 

Figure 4.6  Second order mode  

 

Figure 4.7  Third order mode 
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Figure 4.8  Fourth order mode 

4.3 Simulation of seismic excitation

In order to get the response of the structure, external excitation is one of the 

necessary parameters. In this study, Clough-Penzi spectrum is employed as a good 

model to generate the seismic excitation, acting at the support position. The Table 4.3 

clearly gives the different parameter sets of Clough-Penzi spectrum corresponding to 

different cases of the field condition. Since the field condition is assumed to be medium 

soil, the spectral intensity is taken as , the frequencies are taken 

as   and  , the damping ratio is taken as   and the 

duration time is set as T=20 s. 

Table 4.3 Each parameters of Clough-Penzi spectrum 

Soil type ωg (rad.s-1) ζg ωf (rad.s-1) ζf Ts(s) S0(cm2.s-3) 

Firm soil 8 π 0.6 0.8 π 0.6 15 54.14 

Medium soil 5 π 0.6 0.5 π 0.6 20 81.15 

Soft soil 2.4 π 0.85 0.24 π 0.85 25 145.98 
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In this study, MATLAB is used to generate the random process, the 'rand' 

function can generate a uniform distribution function between 0 and 1, and the 'randn' 

function can generate a standard normal distribution with a mean of 0 and a variance of 

1. Based on the above functions, the random numbers with the considering distribution 

can be generated. Therefore, the Gaussian white noise can be established by the 

MATLAB function ‘randn’, as shown in the Figure 4.9. 

 

Figure 4.9 Time-history curve and distribution of the Gauss white noise 

excitations 

The figure 4.9 also shows the distribution of the Gaussian white noise. It can be 

found that the generated data accords with normal distribution. Then, the spatial state 

equation is established to simulate the white noise by using the function ‘lsim’ to obtain 

the final required ground motion through the filter, which has been described in the 

Section 4.1. The figure 4.10 shows the time-history curve and distribution of the 

simulation results. 
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Figure 4.10 Time-history curve and distribution of the seismic ground motion 

The figure 4.10 shows the time-history curve and distribution of the generated 

acceleration of seismic ground motion. It can be seen from the distribution that the 

acceleration caused by the earthquake is distributed around -0.0107 m/s2, and the 

variance is 0.7188. 

4.4 Structural responses calculation  

Base on the input data (stiffness, mass, damping) and external excitation 

(seismic force) calculated in the above sections, the function ‘lsim’ in MATLAB can be 

used to calculate the dynamic response by the spatial state equation as explained in 

Chapter 2. Following the steps, the displacement-time history curves in each floor will 

be obtained easily. The Figures. 4.11~4.14 show the results of the displacement of 4th, 

6th, 8th, and 10th floors. 
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Figure 4.11 The displacement response of 4th floor. 

 

Figure 4.12 The displacement response of 6th floor. 

 

Figure 4.13 The displacement response of 8th floor. 

 

Figure 4.14 The displacement response of 10th floor. 
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It can be found that there is a similar trend of the displacement-time histories 

with each floor. As can be seen from Figure 4.11-4.14, the maximum displacement of 

each layer of the structure subjected to seismic force usually occurs in the latter half of 

the earthquake process. Besides, the 10th floor has the maximal displacement peak in 

range of 0~0.04 m compared with other floors. 

 

4.5 Comparison with the SS method and MCS method in reliability analysis 

Figure 4.16 shows the maximum peak story drift distribution of neural network 

prediction. It can be found from the figure that the distribution obeys normal publication, 

indicating that the calculated results based on the BP neural network are reasonable and 

similar to the result of the MCS method, compared with the MCS. According to the 

number of failure events predicted by BP neural network in MATLAB, the predicted 

failure probability is 0.004132, while the feasible benchmark result using the MCS 

method is 0.00412, so the strategy has much higher computational efficiency without 

scarifying any preciseness. Compared with MCS, SS needs a relatively small number 

of samples on the premise of calculating the approximate failure probability. 
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Figure 4.15 Distribution of maximum peak story drift by BP neural network. 

 

Figure 4.16 The cumulative distribution function of limit-state function in the 

MCS method and BP neural network. 
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Table 4.4 Comparison of two method 

 
Number of 

samples 
Reliability  Taking time (s) Error 

 

MCS 1,000,000 0.004120 27653 -  

SS 100,000 0.004117 4032 -  

BP neural network in 

MCS 
500 0.004132 10 0.29%  

Furthermore, Figure 4.16 indicates the cumulative distribution function of MCS 

method and the BP neural network, where the solid blue line is substituted by the failure 

probability of MCS, while the dashed red line is the failure probability of the BP neural 

network. By the comparison, the CDF of samples generated from the neural network 

has a much higher similarity to samples generated form MCS. The computation 

information corresponding to direct MCS and that of BP neural network is shown in 

Table 4.4. It further demonstrates that the established surrogate model of the BP neural 

network has much higher computational efficiency without scarifying any preciseness. 
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CHAPTER 5 RELIABILITY ANSLYSIS OF A CABLE-STAYED 

BRIDGE 

Reliability analysis and research is one of the important topics in structural 

design and safety evaluation of cable-stayed bridges. This chapter will conduct the 

structural reliability analysis for based the cable-stayed bridge based on MCS and SS 

methods, using the maximum deflection of the main beam of the cable-stayed bridge as 

the performance index to obtain the feasible benchmark results. In order to improve the 

calculation efficiency, a back propagation (BP) neural network is established as a 

surrogate model to avoid complex and time-consuming calculation. 

5.1 Theory of wind excitation 

5.1.1 Generation of wind speed time history by harmonic method 

 The measurement of natural wind is very difficult and limited, and can not 

reflect all the conditions encountered by the bridge. Therefore, when using wind load 

as external force input, it is generally converted into wind speed time history, and then 

converted into wind load time history, which is input into the finite element model. The 

wind speed of each location point in the model depends on the height, location and time 

of the point. (Hu, 2006) 

(1) Wind spectrum model 

The first step in wind field simulation is to select an appropriate wind spectrum 

model, which is expressed by power spectral density function (PSD). Predecessors have 
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summarized many calculation formulas of wind speed spectrum at atmospheric 

boundary: 

Longitudinal fluctuating wind speed spectrum (using simiu spectrum): 

 

Vertical fluctuating wind speed spectrum (using Lumley Panofsky spectrum): 

 

where F is a dimensionless quantity, which becomes Monin coordinate or similarity law 

coordinate, f = NZ / u (z); Z is the height from the ground; U (z) is the average wind 

speed at height Z, u * ≈ Ku (z) / ln [(z-zd) / Z0], u * friction wind speed, which is related 

to the length of ground roughness; zd=H  ̅- z0/K, H  ̅ Is the average height of surrounding 

buildings (m), K ≈ 0.4, Z0 is the rough length of the ground.In practical application, it 

is generally converted to circular frequency representation. 

Cross spectrum of longitudinal fluctuating wind speed: 

 

Cross spectrum of vertical fluctuating wind speed: 

 

 In wind field simulation, the model is generally divided into many nodes for 

analysis. For points at different locations, the cross power spectral density function 

(CSD) is used to reflect the correlation of wind speed time history. For any two points 
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with distance r, their spatial correlation is expressed by cross power spectral density 

function as follows: 

Cross spectrum of longitudinal fluctuating wind speed: 

 

Cross spectrum of vertical fluctuating wind speed: 

 

where 

 

 

where x1, Y1, Z1 and X2, Y2 and Z2 respectively represent the position coordinates (x, 

y, z) of two points in the space, CZ represents the vertical exponential attenuation 

coefficient of longitudinal fluctuating wind, cy represents the horizontal exponential 

attenuation coefficient of longitudinal wind, and CW represents the vertical wind 

exponential attenuation coefficient, which is generally 10, 16 and 8. 

In addition, Davenport proposed another expression of the function: 

 

where,   is the power spectrum of longitudinal pulsation component at X1; 

  is the longitudinal pulsation component in x1, x2 real parts of cross 

power spectrum; Is the attenuation factor, which reflects the attenuation rate of random 

two-point correlation; F is wind frequency; D is the direct distance between two random 

points; U is the average wind speed at the simulation point. 
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(2) wind speed time history at any point (harmonic synthesis method) 

For one-dimensional multivariable stationary Gaussian random process vector 

with mean value of 0, its cross power spectral density matrix is: 

 

After Cholesky decomposition of the power spectrum, the following results are 

obtained: 

 

 

   is   Conjugate transpose matrix.   There are the following 

relationships between elements in: 

 

 

 

where Im and Re represent imaginary part and real part respectively. 

According to the research of Shinozuka and Deodatis, the sample   of 

random process  can also be simulated by the following formula: 
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where,  ,   is the truncation frequency,   is the double index 

frequency,  is the random phase angle evenly distributed in the interval [0,2 π], and 

the double index frequency can be taken as follows: 

 

 

 

 

When n is large enough, the accuracy of simple linear interpolation is also very 

high, 

 

Using FFT technology can greatly reduce the calculation amount of wind field 

simulation. The above formula can be rewritten as follows: 

 

 

where q is the remainder of p/M, q=1,2 …, M,  is as follows: 

 

where 

             (5.23) 
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5.1.2 Wind load for buffeting analysis  

After using MATLAB to complete the simulation of wind speed time history, in 

order to carry out the dynamic analysis of wind force in the model, it is necessary to 

convert the wind speed time history into wind load time history and apply it to the finite 

element model. The analysis of wind load is generally divided into three parts: static 

wind load caused by average wind, buffeting force caused by fluctuating wind and self-

excited force caused by structural aerodynamic coupling. 

(1) Static wind load 

The magnitude of static wind load is the main factor causing the structural 

response. For steady wind, we can decompose the static wind load generated by the 

wind farm into two mutually perpendicular forces and one torque: 

Lift force   

 

Resistance  

 

Torsion  

 

where u is the average wind speed,  Is the air density, generally 1.225kg/m3, B is the 

width of the main beam,  Is the wind angle of attack,   are the 

lift coefficient, drag coefficient, torque coefficient in the static three-component 

coefficient. The size of the static three-component coefficient is related to the wind 
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angle of attack, which is generally obtained from wind tunnel experiments and shows 

on Table 5.1. (Hu, 2006) 

 

Figure 5.1 Static three component force 

When the input excitation is non-stationary wind, because the average wind 

speed will change with time, u in the original formula should be expressed as a function 

of T: 

 Lift force: 

 

 Resistance  

 

 Torsion  

 

(2) Buffeting force 

The buffeting force is caused by the pulsating component in nature and is the 

main factor causing the reciprocating fluctuation of structural response. For the rigid 
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structure with stable wind, the buffeting force model proposed by Davenport is 

generally expressed as follows: 

 Lift force   

 

 Resistance  

 

 Torsion  

 

where  is the effect of lift, drag and torque on the angle of attack α 

Derivative, u and W are fluctuating wind speed in horizontal direction and vertical 

direction respectively. Because the above formula does not consider the influence of 

structural deformation, when the input excitation is the turbulence of high frequency 

band, the coupling relationship between structure and aerodynamic force will have a 

great impact on the response of the structure, resulting in a great difference between the 

calculated results and the actual situation. In order to improve the accuracy of 

calculation results in this case, the original formula needs to introduce the aerodynamic 

admittance coefficient that depends on the frequency characteristics of fluctuating wind: 

 Lift force   

 

 Resistance  
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 Torsion  

 

where,   is the aerodynamic admittance, which is 

generally determined by two methods: 1 First measure the fluctuating wind speed 

spectrum and the force spectrum of buffeting force, and then determine it according to 

the ratio of the two, 2 Firstly, the functional relationship between aerodynamic 

admittance function and aerodynamic derivative is established, and then the 

aerodynamic admittance is obtained through aerodynamic derivative. Due to the lack of 

data of the aerodynamic admittance function of the model, the starting admittance is 

taken as 1 in the calculation of this paper. 

For non-stationary wind, the formula of buffeting force is: 

 Lift force   

 

 Resistance  

 

 Torsion  

 

(3) Self-excitation force 
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The self-excited force is caused by the displacement of the structure under the 

action of wind load. The change of the shape of the structure will change the flow rate 

and size of the gas around the structure, and the change of the flow rate and size of the 

gas will change the actual wind force on the structure. The new displacement of the 

structure will be caused by the changed wind force, and the new shape of the structure 

will cause new changes in the fluid again and again, as time goes on, the structural 

response calculated without considering the self-excited force will be more and more 

different from the actual situation. 

For steady wind, Sarkar and Jones use the following formula to calculate the 

aerodynamic self-excited force: 

Lift force:  

 

Resistance:  

 

Torsion:  

 

For self-excited force under non-stationary wind: 

Lift force:  

 

Resistance:  
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Torsion:  

 

 

5.2 Description of the structure and finite element model 

Cable stayed bridge is a kind of composite stress system bridge in which the 

main beam is directly suspended on the tower column with stay cables. The external 

load is mainly borne by the pressure bearing tower, tension cable and bending main 

beam. A typical cable-stayed bridge is composed of stay cable, tower column and main 

beam. The dead load on the main beam is transformed from the tension on the stay cable 

into the pressure on the tower column. Therefore, the stress of the cable-stayed bridge 

can be regarded as a continuous beam with multi-point elastic support of the stay cable 

instead of the pier. The advantage of this structural system is to greatly reduce the 

material consumption, reduce the dead weight of the bridge and greatly increase the 

span capacity of the bridge. Therefore, cable-stayed bridges are widely used in modern 

bridges. Two of the three bridges in Macao use the structure of cable-stayed bridges in 

the main span. In this section, the cable-stayed bridge is taken as an example to conduct 

finite element modeling and modal analysis. 

5.2.1 Model introduction 

A large crotch cable-stayed bridge is located in Jiangsu Province. It is a double 

tower and double cable plane steel box girder cable-stayed bridge with a main span of 

1072m. Figure 5.1 shows the structural layout of the cable-stayed bridge. The main 
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beam of the cable-stayed bridge is supported by two cable towers, six piers and 264 

cable-stayed bridges. (Wang & Li 2014)

   

 

Figure 5.1 Cable stayed bridge model

Various parameters of cable-stayed bridge: 

(1) Main beam system  

The main beam is 4m high and 41m wide and is a flat closed steel box girder. 

The main beam system shows on Figure 5.2 includes the main beam part and the bridge 

deck part. The main parameters of the main beam part of the bridge include cross-

sectional area, stiffness and density shows on Table 5.1. The bridge deck system is only 

considered as live load. During modeling, the beam system adopts beam4 element, and 

the density = (beam dead load + bridge deck live load) / cross-sectional area. 

 

Figure 5.2 Main beam section of cable-stayed bridge 
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Table 5.1 Main beam material and section characteristic parameters of cable-

stayed bridge 

Item Value 

Area(m2) 1.91 

Modulus of elasticity (Mpa) 2.05*10^5 

dead load conversion density(kg/m3) 7.85*10^3 

live load conversion density(kg/m3) 3.14*10^3 

Transition pier (kg/m3) 26.248*10^3 

Far tower Auxiliary Pier (kg/m3) 30.232*10^3 

Auxiliary Pier near tower (kg/m3) 22.408*10^3 

Vertical bending moment of inertia (m4) 5.04 

Transverse moment of inertia (m4) 387.8 

Torsional moment of inertia (m4) 5.22 

(2) Stay cable system: 

The cable-stayed bridge system has a total of 264 stay cables and the section 

shows on Figure 5.3. Density of all stay cables = 7850kg / m3, elastic modulus = 2.05 

* 1011, the area of stay cable shows on Table 5.2. 

 

Figure 5.3 Stay cable section 
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Table 5.2 Section characteristic parameters of stay cable 

Number Area(m2) Number Area(m2) Number Area(m2) 

1 0.019607 23 0.010936 45 0.010936 

2 0.017908 24 0.012272 46 0.012272 

3 0.017908 25 0.012272 47 0.012272 

4 0.016061 26 0.010936 48 0.012272 

5 0.016061 27 0.010029 49 0.013893 

6 0.015175 28 0.009677 50 0.013893 

7 0.015175 29 0.009677 51 0.013893 

8 0.015175 30 0.009331 52 0.013893 

9 0.015175 31 0.009331 53 0.013893 

10 0.015175 32 0.009331 54 0.015175 

11 0.015175 33 0.010029 55 0.013893 

12 0.015175 34 0.010029 56 0.015175 

13 0.015175 35 0.009331 57 0.015175 

14 0.016061 36 0.009331 58 0.015175 

15 0.015175 37 0.009331 59 0.015175 

16 0.015175 38 0.009331 60 0.016061 

17 0.015175 39 0.009677 61 0.016061 

18 0.015175 40 0.009677 62 0.017908 

19 0.013893 41 0.009677 63 0.017908 

20 0.013893 42 0.010029 64 0.017908 

21 0.012272 43 0.010936 65 0.019607 

22 0.012272 44 0.010936 66 0.019607 

   

Leveling of main beam of cable-stayed bridge will be introduced in this part. In 

the whole structural system, if there is no initial strain of the structure to provide initial 

stress, because there is gravity load caused by the self-weight of the structure, in the 

initial state without external load input, the main beam will deform due to the self-

weight, which will lead to a great difference between the initial shape of the structure 
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and the shape of the model. In order to make the main beam in the bridge in the design 

position, the initial length of the stay cable is often adjusted, Make the shape and 

displacement of the main beam meet the design value in the initial state after being 

pulled by the stay cable. The Table 5.3 shows the strain of the stay cable after leveling.  

Table 5.3 Initial strain of stay cable 

Number Initial strain Number Initial strain Number Initial strain 

1 0.005 23 0.0033 45 0.002 

2 0.005 24 0.0033 46 0.002 

3 0.005 25 0.0033 47 0.002 

4 0.004 26 0.0033 48 0.002 

5 0.003 27 0.0033 49 0.002 

6 0.002 28 0.0033 50 0.002 

7 0.001 29 0.0033 51 0.002 

8 0.002 30 0.0033 52 0.002 

9 0.003 31 0.0038 53 0.0022 

10 0.004 32 0.0038 54 0.0024 

11 0.005 33 0.0038 55 0.0026 

12 0.004 34 0.003 56 0.0028 

13 0.004 35 0.0025 57 0.0026 

14 0.004 36 0.002 58 0.0025 

15 0.004 37 0.002 59 0.0025 

16 0.004 38 0.002 60 0.0025 

17 0.004 39 0.002 61 0.0025 

18 0.004 40 0.0015 62 0.0025 

19 0.004 41 0.0015 63 0.0025 

20 0.0036 42 0.0015 64 0.0025 

21 0.0036 43 0.002 65 0.0025 

22 0.0036 44 0.002 66 0.0025 

 

Initial displacement of cable-stayed bridge after leveling shows on Figure 5.4: 
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Figure 5.4 Initial deflection of cable-stayed bridge without external load 

According to the code for design of highway cable-stayed bridge (Trial), the 

maximum vertical deflection of the main beam of cable-stayed bridge shall not be 

greater than L / 500 (L is the mid span span), and the limit 2A = L / 500 = 2.144m, i.e. 

1.072m. By changing the initial strain of the stay cable, the maximum deflection of the 

main beam can be only 0.08m < 1.072m. Therefore, the deflection of the model after 

leveling is in line with the standard. 

(3) Cable tower system: 

Cable tower and pier are the main supporting structures of cable-stayed bridge. 

Figure 5.5 shows the composition of cable tower, Table 5.4 shows the cross-sectional 

area and moment of inertia of cable tower, and Table 5.5 shows the cross-sectional area 

and moment of inertia of pier. 
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Figure 5.5 Cable tower model 

Table 5.4 Real constants of each section of cable tower structure 

 Area 

Vertical bending 

moment of inertia 

Iz(m^4) 

Transverse moment 

of inertia Iy(m^4) 

Upper tower column 1 37.895 448.5 411 

Upper tower column 2 47.42 707 983 

Upper tower column 3 108.47 1225 2025 

Upper tower column 4 125 1415 2590 

Middle tower column 1 39.55 677 256 

Middle tower column 2 41.9 815.5 300.5 

Middle tower column 3 50.6 1077 373.5 

Lower tower column 1 57.29 1225 409.5 

Lower tower column 2 57.31 1285 436 

Lower tower column 3 78.5 1660 531.5 

Lower tower column 4 109.5 2100 617 

Cable tower beam 1 50.04 619.5 1205 

Cable tower beam 2 48.94 562 1160 
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Table 5.5 Real constants of each section of Auxiliary Pier and transition pier structure

 Area 

Vertical bending 

moment of inertia 

Iz(m^4) 

Transverse moment 

of inertia Iy(m^4) 

Transition pier 1 40.49 206.4 265.2 

Transition pier 2 14.56 54.8 133.5 

Far tower Auxiliary Pier 14.56 54.8 133.5 

Auxiliary Pier near tower 16.25 58.55 144.5 

(4) Constraint and connection of cable-stayed bridge model  

External constraints have a great impact on the characteristics of the structure. 

In this bridge model, a transverse wind resistant bearing and a viscous damper with 

longitudinal limit function are set between the cable tower and the main beam. When 

the displacement caused by external load and internal stress of the viscous damper is 

less than the design stroke of the damper, it will not restrict the structure and will have 

a fixed effect on the displacement exceeding the design, The damper can effectively 

dissipate energy to the dynamic load and reduce the vibration amplitude of the structure. 

Longitudinal sliding support shall be set between the main beam, transition pier and 

auxiliary pier, and the transverse relative displacement shall be l6imited. Figure 5.6 

shows the constraint positions of cable-stayed bridges and it also shows the whole finite 

element model of cable-stayed bridge. 
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Figure 5.6 Constraints and connections of cable-stayed bridges 

5.2.2 Modal analysis 

 In this paper, ANSYS finite element analysis software is used to solve the 

structure and extract the modal data of the structure. The methods of modal analysis in 

ANSYS include block lansos method (lanb), subspace iteration method, reduction 

method, asymmetric method and damping method. In this paper, the block lansos 

method is used to extract the modal of the structure. The sparse matrix direct solver is 

automatically used in this method, which has high accuracy and fast speed. In this paper, 

the vibration modes and corresponding frequencies of the first 30 orders are calculated 

shows in Table 5.6. 
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Table 5.6 Modal frequencies 

Order Frequency (Hz) Vibration mode 

1 0.0615 Symmetrical- lateral-1 

2 0.0714 Longitudinal floating 

3 0.0898 Antisymmetric-lateral-1 

4 0.10188 Tower- Symmetrical 

5 0.19041 Symmetrical-vertical-1 

6 0.20462 Antisymmetric-lateral-2 

7 0.23171 Antisymmetric-vertical-1 

8 0.28979 - 

9 0.33136 Symmetrical-vertical-2 

10 0.38635 Antisymmetric-vertical-2

11 0.41057 - 

12 0.44236 Symmetrical-vertical-3 

13 0.49261 - 

14 0.49324 - 

15 0.49603 Antisymmetric-vertical-3

The obvious vibration modes are shows on Figure 5.7~5.12: 

 

Figure 5.7 First mode shape 
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Figure 5.8 Second mode shape 

 

Figure 5.9 Mode shape of the third mode 
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Figure 5.10 Mode shape of the fourth mode 

 

Figure 5.11 Fifth mode shape 
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Figure 5.12 Seventh mode shape 

 

5.3 Generation of wind field  

Wind input is the main load input source in the cable-stayed bridge model. In 

this paper, the deodatis's harmonic synthesis method is used to generate the wind speed 

time history of each point. In the reliability analysis, the wind speed is taken as one of 

the parameter variables. The average wind speed in the wind speed time history in each 

sample is generated by the 'Rand' function in MATLAB. The following figure is the 

wind speed time history of some nodes in the structure when the average wind speed is 

set to 60m/s. 

Figure 5.13, Figure 5.14, Figure 5.15 shows the time history of transverse wind 

speed at some nodes. 
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Figure 5.13 Transverse wind speed time history of node 20 

 

Figure 5.14 Transverse wind speed time history of node 45 

 

Figure 5.15 Transverse wind speed time history of node 60 

The following figure shows the vertical wind speed time history of some nodes: 

 

Figure 5.16 Vertical wind speed time history of node 20 
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Figure 5.17 Vertical wind speed time history of node 45 

 

Figure 5.18 Vertical wind speed time history of node 60 

In order to check whether the simulation of wind field is correct, we generally 

use the method of comparing the simulated power spectrum with the target power 

spectrum. When the simulated power spectrum matches the target power spectrum well, 

it means that the wind field simulation is correct. 

 

Figure 5.19 Comparison of the power spectrum 
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Through the comparison of the Figure 5.19, the simulated power spectrum fits 

well with the target power spectrum, and the wind field meets the requirements. 

5.4 Wind-induced responses calculation 

The following parameters shows on Table 5.7 are used as an example to calculate 

the response of cable-stayed bridge: 

Table 5.7 Structural parameters 

Mass ratio Modulus of elasticity(N/m2) Wind angle of attack 
Wind 

speed(m/s) 

1 2.05*1011 -9° 72 

Taking the wind speed time history simulated in the previous chapter as the input 

of the finite element model, one can calculate the displacement time history of each 

node in the model. Figure. 5.20 shows the displacement time history of mid-span, 

including lateral displacement and torsional angle.   

The Figure 5.20 shows the displacement time history of the mid span node of 

the main beam of the cable-stayed bridge in the Y direction: 

 

Figure 5.20 Displacement time history in Y direction 
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It can be seen from the above figure that the displacement response of some 

cable-stayed bridges in the front of the time domain is large. 

The Figure 5.21 shows the displacement time history of each node in Y direction 

of the main beam of cable-stayed bridge in 2 seconds: 

 

Figure 5.21 Displacement of each node in Y direction in 2 seconds 

The Figure 5.22 shows the displacement time history of the mid span node of 

the main beam of the cable-stayed bridge in the Z direction: 

 

Figure 5.22 Displacement time history in Z direction 

The Figure 5.23 shows the displacement time history of each node in Z direction 

of the main beam of cable-stayed bridge in 2 seconds: 
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Figure 5.23 Displacement of each node in Z direction in 2 seconds 

It can be seen from the Figure 5.23 that the z-direction displacement of cable-

stayed bridge is mainly affected by wind speed. 

Torsion angle time history of cable-stayed bridge: 

 

Figure 5.24 Torsion angle time history of cable-stayed bridge 

It can be seen from the above figure that the torsion angle of cable-stayed bridge 

decreases with time. 

The vibration response time history of a structure is the vibration signal 

generated by the structure under wind load. The root mean square (RMS) statistical 

method can well reflect the effective value of the signal. Figure 5.25 shows the RMS of 

the cable-stayed bridge. 
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Figure 5.25 RMS of structural response 

5.5 Comparison with the SS method and MCS method in reliability analysis 

The random influence parameters (mass, elastic modulus and average wind 

speed) of the samples are generated by MATLAB. The response of each sample is 

calculated by ANSYS, and some columns of input-output samples are obtained. The BP 

neural network is trained through the samples to generate an surrogate model whose 

calculation results are very close to the original ANSYS model, and then the surrogate 

model is substituted into MCS and SS methods for reliability analysis. Figure 5.26 

shows the calculation process of reliability. 

 

Figure 5.26 Reliability analysis mind map 
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1. The surrogate model is generated by BP neural network: 

Because the calculation amount of ANSYS is very large and time-consuming, it 

is necessary to generate a surrogate model through machine learning to replace the role 

of ANSYS model in reliability calculation. Neural network is a very popular machine 

learning method. The text uses BP neural network as the surrogate model. BP neural 

network can generate a surrogate model with very small calculation amount and very 

close calculation results to the original model by training the samples generated by 

ANSYS. 

 

Figure 5.27 MATLAB BP neural network training toolbox 
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Figure 5.28 The validation performance changes in whole training. 

It can be seen from the above Figure 5.28 that the accuracy of the calculation 

results of the neural network has increased exponentially with the increase of the 

number of iterations. After many tests, when the number of iterations is 50000, the 

hidden layer is 8, and the output layer is 3, the training can produce satisfactory 

results. 
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Figure 5.29 Four different fitting cases 

In order to check whether the prediction results of the surrogate model are 

accurate, the surrogate model is used to calculate 100 samples, and the calculation 

results of the surrogate model are compared with those of ANSYS. It can be seen from 

the Figure 5.29 that the settlement results are very close. 
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Figure 5.30 Comparison between the calculation results of neural network generation 

surrogate model and ANSYS calculation results 

The Figure 5.30 shows the calculation results of the surrogate model and the 

ANSYS model in 100 samples. The blue point is the calculation results of the ANSYS 

model and the * point is the calculation results of the surrogate model. It can be seen 

that the two calculation results are very close. The training results of BP neural network 

perform well and can replace the original model in reliability analysis. 

 2.  Generation parameters: 

Since there are uncertainties in the modeling of system parameters and wind 

load under random load excitation, the reliability calculation needs to generate random 

system parameters and wind load. The Figure 5.30~5.35 is the value simulation of 

quality  
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Figure 5.30 Mass distribution

 

Figure 5.31 Distribution density of mass 

The following is about the value simulation of elastic modulus  

 

Figure 5.32 Elastic modulus distribution 
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Figure 5.33 Distribution density of elastic modulus 

 

Figure 5.34 Average wind speed distribution 

 

Figure 5.35 Distribution density of average wind speed 

It can be seen from the above figure that these parameters are normally 

distributed. 

3. Calculate reliability based on MCS or SS using surrogate model: 
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Table 5.8 Reliability comparison 

Failure probability 105 times 106 times 107 times 108 times 

MCS 0.00332 0.003618 0.003696 0.003671 

SS 0.003529 0.003653 0.003679 0.003673 

 

Table 5.8 shows that the reliability of cable-stayed bridge is successfully 

calculated by using BP neural network as the surrogate model based on MCS and SS 

methods respectively. Due to the small amount of calculation of the surrogate model, 

the above calculation takes less than 10s, indicating that the application of BP neural 

network in reliability calculation is very effective in complex structures. In addition, it 

can be seen from the calculation results of MCS and SS in different sample numbers, 

Compared with MCS method, SS method has higher effectiveness in reliability 

calculation. 
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CHAPTER 6 CONCLUSION 

6.1 Summary and conclusion 

Dynamic analysis and reliability analysis are of great significance to structural 

design and safety evaluation. However, due to many inherent uncertainties, such as 

material properties, geometric parameters, and randomness in excitation, the analysis 

should be extended to include the random variation of the model without considering it 

as fixed. Therefore, in the final year's project, considering the uncertainty of mass, 

stiffness, elastic modulus and input random excitation, the random vibration analysis 

and reliability evaluation are studied based on the numerical examples of 10 story shear 

building structure under random seismic excitation and cable-stayed bridge under 

random wind load. However, due to the structural complexity and highly nonlinear 

performance function, the traditional reliability analysis for cable-stayed bridges is 

complicated and computationally intensive. To solve this problem, a machine learning-

enhanced method of combining the back propagation (BP) neural network and subset 

simulation (SS) was developed in this report. The main contributions and conclusions 

of this report are summarized as follows: 

1. The basic concepts of structural dynamics are systematically introduced, and 

the formation and motion equations of mass, stiffness and damping matrix of the 

structure under external excitation are given. In particular, the filtering method is 

introduced to generate random ground motion, its frequency component is simulated by 

Clough-Penzien spectrum, and the wind speed time history is generated by harmonic 
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superposition. In addition, the time-domain response of the structure under random 

excitation is calculated by using MATLAB software and ANSYS software. 

2. Taking the 10-story shear wall building structure as an example, the finite 

element model is established with ANSYS, the modal analysis is carried out, and then 

the response calculation under seismic excitation is carried out. Based on the maximum 

inter story displacement as the reliability index, the reliability analysis is carried out, 

and the error caused by using BP neural network as an surrogate model is analyzed, the 

results show that the error caused by using BP neural network as an surrogate model is 

only 0.29%, and the calculation speed is much faster than using the original model. 

3. Taking the cable-stayed bridge model as an example, the finite element model 

is established with ANSYS, and the theoretical modal analysis is carried out. Then the 

dynamic response calculation under wind load excitation is carried out. On this basis, 

the reliability analysis is carried out. The main beam deflection is used as the reliability 

index, and the MCS and SS methods are used to calculate the reliability of the cable-

stayed bridge structure respectively. Because the cable-stayed bridge model is very 

complex, it takes too much time to calculate the reliability using ANSYS model, so it is 

impractical. Because the calculation result of BP neural network is very accurate in the 

calculation example of 10 story shear wall building structure, in order to improve the 

calculation efficiency, BP neural network is used as a surrogate model in the reliability 

calculation of cable-stayed bridge, so as to avoid complex and time-consuming 

calculation. The results show that SS is more effective than MCS in reliability 
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calculation and improves the calculation efficiency. The results verify the effectiveness 

of the method established in this paper. 

6.2 Outlook 

In practical engineering application, reliability can more effectively explain the 

safety of structure, but the calculation of reliability requires a large number of samples, 

and the amount of calculation of samples is very large. Therefore, neural network can 

effectively assist the calculation of reliability. It is believed that the computing speed of 

random computer is faster and faster, and the application of reliability in engineering 

can be more and more popular. 

There are still some deficiencies in this paper: There is no complete theory for the 

selection of BP neural network structure, which can only be selected according to 

experience. Therefore, when selecting the neural network structure, we can only try 

different network structures for many times and select the network structure with the 

best prediction effect by comparing and verifying the set. In addition, when BP network 

is used for function approximation, the weight adjustment adopts the negative gradient 

descent method. This method of adjusting the weight has its limitations. The 

convergence speed is slow and the weight is easy to converge to the local minimum, 

which leads to the failure of network training. Better neural networks can be used in 

future research. 

The wind load simulation in this paper is steady wind, and the average wind speed 

in each sample is constant, but in the actual environment, the average wind speed is 
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time varying. In the subsequent research, the non-stationary wind field should be used 

as the wind load simulation. 
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